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A common screening test of balance is the timed ability to stand on one leg for as long as 
possible. A balance time of 5 s or less is an indicator that the patient has an elevated risk for fall-
related injuries. But why one has to put one’s foot down early is not always obvious. The first 
part of this dissertation is a mechanistic theoretical and experimental study of the physical 
capacities underlying the ability to balance on one leg. The theoretical study points to the 
importance of maintaining both hip abduction and ankle inversion and eversion muscle strengths 
in order to maintain a large enough ‘Quasistatic Feasible Balance Region’; the latter is shown to 
depend largely upon frontal plane ankle muscle strength. When the states get too close to the 
boundaries of that region, additional recovery strategies are required, including a hip strategy, 
corresponding to that used in maintaining bipedal balance, and also a different behavior that is 
termed a ‘heel-toe shuffle’ in this dissertation. 
The dynamics of one-legged balance in the frontal plane were modeled by the equations 
of motion for a double inverted pendulum. Using published anthropometric and maximum 
muscle strength data, the model suggests that the hip abduction moment required to stand on one 
leg is substantial, ranging from 50% of maximum voluntary muscle strength in healthy young 
men to 82% of the maximum in healthy older women. These results were corroborated by our 
experimental results from tests of healthy young and older adults. Our analyses suggest that this 
hip abduction moment demand is not resisted by the abductor muscles alone, but also by the 
iliotibial mechanism, even for a level pelvis.  
The second part of this dissertation concerns the heel-toe shuffle which was occasionally 
used by 14 of 38 subjects to extend the time they stood on one leg in eyes open or closed trials. 
We found that all 20 young subjects and the majority of older subjects (13 out of 18) succeeded 
in performing a heel-toe shuffle locomotion task. The inverted pendulum model suggests that 
amongst those subjects a single lateral shuffle step was, on average, 2 to 6 times more effective 
in changing the angular velocity of the body in the frontal plane than exerting maximum ankle 
inversion moment over the same time interval. So heel-toe shuffle strategy is also at least as 
effective as the ‘Ankle Strategy’ and the ‘Hip Strategy’ in recovering one-legged balance.  
 xxii 
Lateral falls onto the greater trochanter are a known cause of hip fracture. It is clear from 
this dissertation that if one is to avoid a lateral fall while standing on one leg, one needs to be 
able to use the ankle invertor muscles to rapidly move the center of pressure as far laterally as 
possible. In addition, one needs to raise the pelvis to medially accelerate the center of mass, and 
initiate one or more lateral shuffle steps. The clinical implications of this dissertation are that 
one-legged balance could be tested in two ways: first, the prescribed method in which no arm or 
foot movements are permitted versus a second, freestyle, method in which any recovery motions 
are permissible. A good freestyle performance provides confidence in the ability of the patient to 
recover their balance outside the clinic.  
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CHAPTER 1 
Introduction and Literature Review 
 
1.1 Motivation 
1.1.1 Cost of Falls in the Elderly 
According to CDC’s 2010 cost of injury report, falls in the elderly cost just under 54 
billion dollars every year in medical expenses and work hours lost; fatal injury, nonfatal 
hospitalization, and emergency department treatment and release were the types of injury 
outcome considered in this report (Table 1). These costs accounted for 74% of all unintentional 
injury costs in the elderly [1]. 
Table 1- Cost of injurious falls in the elderly (age > 65 Years) in 2010, in the U.S. Data derived from [1]. 
Year 2010 Fatal Injury Hospitalization (Non-Fatal) 
Emergency Department 
Treatment and Release 
Medical Cost $0.5 B $25.4 B $5.0 B 
Work Loss Cost $2.3 B $18.4 B $2.2 B 
Combined Cost $2.9 B $43.9 B $7.2 B 
% of Fall Cost to 
All Injury Costs 45.4% 79.5% 62.6% 
 
Costs of falls are not limited to medical expense and total work hours lost. Loss of 
independence can be another important consequence of experiencing falls. Both injurious and 
non-injurious falls are associated with functional declines in ‘Basic Activities of Daily Living’, 
and ‘Instrumental Activities of Daily Living’ in community-dwelling elderly [2]. Also, fear of 
falling can lead to a avoiding exercise and social activities, which in turn will lead to weakening 
of the muscles involved in mobility and therefore increasing the risk of falls further [3, 4]. 
1.1.1 Risk Factors for Falls 
In a review of 74 studies on fall risk factors, Deandra et al. identified 31 risk factors 
including sociodemographic, mobility, sensory, psychologic, and medical factors and medication 
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use [5]. Determining risk of falls is a complicated task for there are many factors and interactions 
involved. For a brief list see Table 2 below. 
Table 2- Fall Risk Factors Identified in a Recent Review, Copied from [6]. 
 
Many functional tests have been developed to assess the risk of falling: Timed Up and 
Go, Berg Balance Scale, the Dynamic Gait Index, and the Performance-Oriented Mobility 
Assessment, to name a few [6]. One of the most frequently used clinical tests of balance is the 
Berg Balance Scale [7]. One-Legged Balance Time (OLB) is one of important components of 
this test. Vellas et al. found, in a nursing home population, that the relative risk of injurious falls 
in people who cannot stand on one leg for more than 5 seconds is 2.1 compared to those who can 
(p = 0.03) [8]. Since the ability to balance on one leg is important for many activities of daily 
living, it is important to understand the underlying mechanisms that enable humans to perform 
this activity. At the present time, these mechanisms are not fully understood.  
1.2 A Literature Review of Studies of One-Legged Balance 
1.2.1 Studying Standing Balance 
While ‘balance’ is a commonly used word, it is a vague one and hard to quantify. For 
example, there is no doubt a professional ballet dancer has better balance than a regular non-
athletic person. But can we tell the difference if they are just standing in line to get an ice cream 
while wearing regular clothes? Probably not. After years of research on human balance, in his 
review of the literature, David Winter described balance as follows: ‘Balance is a generic term 
describing the dynamics of body posture to prevent falling. It is related to the inertial forces 
acting on the body and the inertial characteristic of body segments (page 194, [9]).’ So balance 
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is defined indirectly as one’s ability to avoid falls. In the case of standing balance, this implies 
being able to arrest the whole body momentum in any given direction. Otherwise, the person 
would have to take a step to avoid falling and will no longer be standing. So we define standing 
balance as follows: 
 
Standing Balance: A person’s current stance state is ‘balanced’ if they can reach a quasistatic 
state in any direction without taking a step. 
 
In the above definition, ‘state’ refers to the orientation and velocity of each segment in the 
human body, e.g. arms, legs, trunk, and the head. Then ‘quasistatic state’ is one where the 
velocities of the body segments are negligible. 
Based on our definition, one’s standing balance can only be measured when we make it 
harder to avoid stepping or falling. In our example, the difference between the standing balance 
of a professional dancer and a regular person is perhaps easier to see if we ask them both to stand 
on one leg. In that case the ballerina has many hours of training that allow her to stand stock still 
with adjustments that are so small that we cannot see them, while the regular person might seem 
wobbly in comparison because of all the large body segment adjustments they need to 
accomplish the task. In most biomechanical studies of standing balance, the task of standing is 
challenged in one of two ways:  
 
1) Challenging Balance by an External Perturbation: An external perturbation is introduced 
e.g., a sudden pull at the waist or acceleration of the platform on which the subject is standing 
[10, 11] and the subject’s response to the perturbation is then studied. ‘Balance performance’ 
could then be quantified as the largest perturbation which the subject can withstand, or the 
difference between responses quantified at the same level of external perturbation. 
 
2) Challenging Balance by Reducing Effective Strategies and Sensory Feedback: Balancing 
tasks of different degrees of difficulty are performed and the subject’s balance is measured by 
quantifying various kinetic and kinematic quantities such as body sway and center of pressure 
movements under the feet. Some of these tasks include standing with eyes closed on firm and 
soft surfaces, tandem stance, one-legged balance, and balancing on a narrow ridge. For a 
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thorough review of different types of standing balance studies, please refer to David Winter’s 
review article [9]. 
 In both approaches for measuring balance, we can speculate that having more quasistatic 
states that can be maintained would make the task of standing balance easier.  
 
Working Hypothesis: The availability of more quasistatic states where balance can be 
maintained makes the task of standing balance easier. 
 
Indeed, it has been shown for bipedal standing that a wider stance decreases the medio-lateral 
sway of the center of pressure and muscle effort in both quiet standing and in response to 
different types of perturbations [12, 13]. 
Any quasistatic stance requires that the center of mass (COM) be kept over the base of 
support (BOS). It is easy to see why: during quasistatic stance all the inertial loads on the body 
are negligible except for the weight of the subject. Body weight has a resultant force downward 
in the direction of gravity and is exerted at the COM. This force is balanced by the resultant 
pressure force under the feet (COP). The COP can be taken close to the outer edges of the 
feet/shoes and not beyond them; this area constitutes the BOS. Should the trajectory of the COM 
on the floor cross the boundaries of the BOS, the body weight cannot be balanced by just the 
resultant vertical pressure force. Consequently, to keep an upright stance, the subject has to 
either take a step, in a way to extend the BOS, or has to create a shear force under the feet which 
can only be achieved by changing the angular momentum of the body [14]. Either way, the 
subject is no longer standing quasistatically. 
Bipedal stance and OLB are similar in the sense that to maintain quasistatic balance, the 
COM should be kept over the BOS. But in OLB, the BOS is much smaller in the medio-lateral 
direction (i.e. width of the foot vs. the distance between the outer margins of the two feet during 
bipedal standing). In addition, since the weight of the body minus the stance leg stays medial to 
the stance hip, a large hip abduction moment is required for maintaining OLB. Such a large 
moment does not exist in bipedal standing. These differences warrant an independent view of 
OLB from bipedal standing. In the next sections, we will present a conceptual model of OLB and 
then review the literature. 
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1.2.2 What Factors Affect OLB? 
When studying OLB, we can think of the human body as a mechanical system. The size 
and shape of the bones, muscles, organs, and fat in the body determine the mass distribution in 
this mechanical system. Meanwhile, the properties of muscles, passive tissues (tendons, 
ligaments, etc.), and their lines of action determine the motor capacities. Sensory systems 
provide feedback to the central nervous system (CNS) about the current state of the 
musculoskeletal system. The CNS acts as the control unit which integrates the sensory feedback 
signals into a decision on how to control this mechanical system in order to perform a task like 
standing on one leg. Figure 1 shows my simple conceptual model for OLB. 
Like any other mechanical system, CNS has to control OLB within the limits set by the 
capacities of the human body, which in turn can be affected by many factors including age. Some 
of these limits include: 
 
1) Range of Motion: The range of motion of each joint in the body depends on the stretch limits 
of the muscles, tendons, and ligaments surrounding it. 
 
2) Moment Generation: Muscles around each joint can generate contractile forces which exert 
torques about that joint. The maximum torque that can be generated about each joint, and the rate 
at which it can be created, depend on the moment arm of each muscle, the maximum force that 
the muscles can exert, and the current position and velocity of the joint within the range of 
motion. 
 
3) Endurance Time: Muscles can generate moment about each joint for a certain length of time 
before they get fatigued and require rest. The greater the intensity of the load, the shorter time 
they can endure it. Endurance time vs. intensity curves have been studied extensively and are 
usually reported as an exponential or power model (Rohmert’s Curve) [15–17]. 
 
4) Noise and Delay in Biological Signals: Both sensory feedback and command signals in the 
body travel at conduction velocities about 50 m/s [18, 19], much slower than electrical signals in 




Figure 1- Conceptual Model for One-Legged Balance. 
   
1.2.3 How is OLB Tested in the Clinic? 
Currently, a patient’s OLB is tested in the clinic by measuring the maximum time he/she 
can stand on one leg. Normative values for unipedal stance time (UST) decreases with age in 
adults especially with eyes closed (Figure 2). Regardless of age however, if UST > 5 seconds, 
then the patient has passed the test and is considered to have adequate unipedal balance. But 
UST < 5 seconds does not reveal the cause for failing the test (Figure 3). More importantly, if the 
clinician diagnoses an irreversible deficit in a patient, he/she would still need to know how much 
improving other factors can compensate for the deficit. For example, Allet et al. showed, in a 
cohort of patients with diabetic peripheral neuropathy, that hip abductor strength can compensate 
for imprecise ankle proprioception in predicting UST. Following up the same patients, they then 
showed that the ratio of hip rate of torque development (RTD) to minimum ankle proprioception 
angle was a significant predictor of injurious falls (pseudo-R2 = 0.38) [20, 21]. But could we 
expect a given improvement of hip strength to help each patient’s UST by the same amount? 
Probably not. To answer that question, we need to take a closer look at the mechanics of OLB. 
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Figure 3- OLB is one of the common tests of balance in the clinic. However, a UST less than 5 seconds does not reveal which 
factors are contributing to the poor balance performance. 
1.2.4 OLB and Lower Extremity Strength 
On the one hand, OLB can be used as a functional test to predict injurious falls; on the 
other hand, in a review of 16 articles on fall risk factors, Rubenstein et al. identified lower 
extremity weakness as the most potent risk factor for falls amongst the elderly; it increased the 
odds of falling by more than four times (4.4, range: 1.5:10.3) [23]. But we do not have a measure 
of how leg strengths contribute to one’s ability to balance on one leg.  
In a seminal 1947 paper, Inman calculated the theoretical minimum hip abduction 
moment during OLB to be equal to weight of the person times half the inter-acetabular distance 
[24]. He measured maximum standing hip abduction moment in 35 subjects while measuring 
both surface and needle EMG of muscle activity in their main hip abductor muscles, namely 
tensor fascia femoris, gluteus medius, and gluteus minimus. In subjects who stood on one leg 
with a ‘level pelvis’, he observed that the empirical abduction moment calculated from the 
muscle activity was considerably lower than the theoretical moment that he calculated. In a 
follow up experiment he observed that letting the contralateral hip ‘sag’ by 15-20 degrees 
reduced the abductor muscle activity to almost zero, and reversely ‘raising the pelvis’ by the 
same amount would increase the muscle activity. This is contrary to the mechanical demands of 
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standing on one leg. Dropping the non-stance hip increases the moment arm of the head, arms 
and trunk over the stance hip while raising it would decreases the arm and therefore decreases 
the abduction demand. Inman concluded that only a ligamentus pull from the iliotibial band 
could explain the disparity. 
In 1970 Charnley and McLeish made detailed calculations of the hip abduction moment 
during OLB in three subjects and showed that lateral bending of the torso, raising/sagging the 
pelvis, and holding out an arm can significantly affect the hip abduction demand of OLB [25]. 
While their calculations agree with Inman’s, they refuted his theory of a ligamentus pull, arguing 
that people are nowhere near the end of their hip adduction range of motion while they are 
standing on one leg and therefore, there could be no passive tissue involved in providing the 
abduction moment. They cited the technological limitations in the measurements of muscle 
activity in Inman’s time as a possible reason that he observed reduced muscle activity while 
subjects’ non-stance hip sagged, but they did not conduct their own EMG study to confirm their 
hypothesis. In 2014, Prior et al. made the same observations as Inman’s: while standing on one 
leg, dropping the non-stance hip decreased the abductor muscle activity measured by surface 
EMG (tensor fascia lata and gluteus medius in this case) while raising it would increase the 
activity [26].  
1.2.5 Strategies for OLB 
A successful OLB test requires a successful transition from both legs to one, and once on 
one leg, being able to maintain the unipedal stance. Let us take a closer look at these two phases. 
1.2.5.1 Bipedal to Unipedal (B-U) Transition 
In his dissertation, Son [27] showed that there are two dominant strategies for 
transitioning from two legs to one: 1) slowly shifting weight to the stance leg, by loading the 
stance hip abductors and reducing the weight on the contralateral foot down to zero, and 2) 
pushing off with the contralateral foot and using the momentum to land on the stance leg. Elderly 
subjects (age > 65 years) tended to use the first strategy more often; young subjects (age between 
20 to 30 years) preferred the second. Both young and older subjects could fail during the 
transition, but the young usually made rapid adjustments, and succeeded in the very next trial, 
while the elderly needed a few more. Son then used a computational model of an inverted 
pendulum to study the B-U transition. He showed that both young and older subjects tried to 
bring the state of their COM in a diamond shaped controllable region in the velocity/position 
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space. The dimensions of this controllable region was determined by the maximum ankle 
inversion/eversion torques (Figure 3). He also found that COM velocity at the moment of lift off 
was enough for both young and older subjects to determine an impending failure of their B-U 
transition [27]. 
 
Figure 4- Transition of the state of COM during a B-U transition. Photo copied from [27]. 
 
1.2.5.2 Balancing on One Leg 
Once already standing on one leg, the central nervous system (CNS) has to control the 
muscles around each joint to coordinate the generation of the right amount of moments to keep 
the body upright. Two control mechanisms have been identified for maintaining the upright 
stance during OLB: ‘Ankle Strategy’, and ‘Shear Force Strategy’. In what follows we take a 
closer look at each of them. 
 
1) ‘Ankle Strategy’, Controlling COP of the Stance Foot by Ankle Inversion/Eversion Moments, 
the First Control Mechanism of OLB 
Hoogvliet and Tropp et al. separately showed that ankle torque is the main mechanism 
that controls the position of the COP under the foot during OLB [28, 29], and therefore called 
this control mechanism the ankle strategy, a term used more often in the literature for control of 
bipedal balance in the sagittal plane [30]. During OLB a torque at the ankle, changes the position 
of the center of pressure (COP) within the BOS, which in turn controls the position of the COG 
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and keeps it away from the boundaries of the BOS. If the ankle muscles are strong enough, the 
subject can bring the COP close to the medial/lateral margins of the stance foot/shoe. On the 
other hand if the ankle muscles are weak, they cannot move the COP all the way to the 
medial/lateral margins causing them to act as if they had a smaller BOS. King et al. used the 
term “Functional Base of Support” to address the relationship between ankle strength and the 
area under the foot where the COP can be taken voluntarily [31]. Here is how we define it for 
OLB: 
 
Functional Base of Support during OLB: The area under the stance foot where COP can be 
taken while maintaining balance on one leg. 
 
Using the ‘Ankle Strategy’, we can closely regulate the position of the COG by small 
adjustments of the COP within the functional BOS. Therefore, while in quasistatic balance, ankle 
strategy can be used without the need for substantial dynamic movements of the limbs. 
 
2) ‘Shear Force Strategy’, Modulating Shear Forces under the Stance Foot, the Second Control 
Mechanism of OLB 
King et al. observed two different periods for the states of the ankle of the stance foot 
during OLB test of subjects with eyes closed: periods of extreme and non-extreme ankle 
displacements [32]. Extreme ankle displacements were defined as any instant when the ankle 
position was more than ±2 SD away from the mean ankle joint position. They calculated almost 
the same ankle torque range being exerted in both scenarios, but observed a substantial increase 
in the range of shear forces measured under the stance foot during the extreme displacements. 
They concluded that in addition to the ankle strategy, subjects used the shear force accompanied 
by the extreme ankle displacements for maintaining their balance. However, they did not 
investigate the mechanism that created the shear force corrections. 
In his experiment, Otten reduced the functional BOS by having the subjects stand on one 
leg on a narrow ridge oriented in the sagittal plane that was only 4 mm wide. He showed the 
COG went up to 40 mm beyond the edge of the ridge (which is the BOS in this experiment), 
while the subjects still managed to control their balance [33]. He concluded that ankle strategy is 
not the only available mechanism for OLB. He then showed that torques at joints other than the 
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stance foot ankle can create shear forces under the stance foot which regulate the movements of 
the COM. He also showed that the stance hip is the most effective joint for creating corrective 
shear forces under the foot. 
Hof modeled standing balance in humans (one leg and two leg stance) with a general 
multi-segment mass-link system [14]. Using planar dynamic equations of motion, he identified 3 
distinct methods available for controlling the balance during upright stance: 1) moving the COP 
under the feet, 2) counter-rotating other segments like arms, non-stance leg, the head, and the 
trunk to create shear forces under the feet, and 3) using external forces such as holding a hand 
rail, or a cane [14]. The third option is obviously not available during one leg stance. He 
measured the contribution of each of the first two methods from force plate measurements, and 
showed that the relative contribution of the second method can be substantial during OLB. 
The shear force under the stance foot can only be generated as a result of a change in the 
angular momentum of the body. The larger the rate of change, the larger the shear force. 
Therefore, to use the ‘Shear Force Strategy’, the person standing on one leg has to make rapid 
dynamic movements of the body and the non-stance limbs. Clearly, ballerinas balancing on one 
leg do not need to use such strategies.  
1.3 Knowledge Gaps and Dissertation Overview 
1.3.1 KG1: Can strength and range of motion affect OLB time?  
Physical capacities, such as lower extremity strength and range of motion, are modifiable 
risk factors for falls [34]. The same cannot be said about all risk factors of falling [35]. On the 
other hand, OLB has been shown to be a useful functional test for predicting injurious falls. 
Currently, there are no measures for the effect of physical capacities on one leg balance time 
other than the functional base of support. Such a measure could be used in determining if 
improving a certain physical capacity could compensate for other irreversible deficiencies in 
each patient with balance problems. (Chapters 2 and 3) 
1.3.2 KG2: Are there any as yet unrecognized strategies for extending OLB time? 
My simple calculations (Chapter 4) suggest that if one could move the stance limb 
medio-laterally, it might constitute a very effective way to maintain OLB. In early experiments 
on OLB that we conducted in volunteers, we realized that this very movement of the ankle was 
being used by individuals to recover their OLB - by shuffling their stance foot medially or 
laterally.  This was especially pronounced with eyes shut trials. We called this the “heel-toe 
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shuffle” (HTS). One goal of this dissertation was to find out how effective the HTS could be in 
controlling OLB. We are not aware of any studies that identify the stance foot HTS as a possible 
mechanism for maintaining or recovering one-legged balance. 
 
In Chapter 2 we derive the equations of motion for OLB and address KG1 by introducing 
the quasistatic Feasible Balance Region (FBR) as a theoretical tool for visualizing how ankle and 
hip strengths affect the states where a person can maintain OLB.  
In Chapter 3, we will describe the OLB experiment with 38 subjects to a) measure the 
trajectory of each subject’s OLB states and determine how well they fits the theoretically driven 
FBR from Chapter 2, and b) examine the role of hip abductor fatigue on the FBR and the 
maximum OLB time.  
In Chapter 4, we address KG2 by describing the heel-toe shuffle experiment and show 
that it can be at least as effective as the ‘Ankle Strategy’ in changing the lateral angular 
momentum of the body.  
Chapter 5 is the general discussion for the entire dissertation. In Chapter 6 we present the 
concluding remarks, and in Chapter 7 we present suggestions for future research. 
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CHAPTER 2 
The Feasible Balance Region, a Theoretical Measure of the Physical Strengths Required 
for Quasistatic One-Legged Balance in Young and Older Adults 
 
2.1 Introduction 
The ability to transfer weight from two legs onto one and then maintain so-called one-
legged balance (OLB) for as long as possible is a common clinical test to assess a patient’s 
balance and risk for falling. OLB not only is challenging because it has a narrower functional 
base of support (BOS) in the medio-lateral direction compared to bipedal stance, but also 
because it requires a significant hip abduction moment to be generated to maintain equilibrium.  
That demand for hip abduction moment stems from the center of mass of the head, arms, trunk, 
as well as the non-stance leg, being located medial to the stance hip during OLB. It is unclear 
when a patient loses OLB early which of the two demands was the more taxing or how those 
demands interact to end OLB. This raises two important questions: 
 
1) How much hip abduction strength is required for maintaining an OLB posture? 
This question has been addressed in the orthopedic literature by considering the hip 
abduction moment required to maintain OLB as a way of estimating the daily loads and stresses 
on the femoral head and acetabulum needed to design a hip prosthesis of adequate strength. For 
example, in 1947 Inman estimated the hip abduction moment demand during OLB when 
standing with a level pelvis and a straight trunk was equal to the weight force of the person times 
half the distance between the left and right hip joint centers [24]. In 1970, Charnley and McLeish 
meticulously verified Inman’s calculations experimentally with three subjects, but also showed 
that the hip abduction moment demand greatly depended on the ‘pelvis attitudes’ [25].  By pelvis 
attitude they meant the inclination of the pelvis with respect to the horizon during OLB.  
However, they did not quantify the relationship between the pelvis attitude and the required hip 
abduction moment. Neither did they express the hip abduction moment required during OLB as a 
proportion of the maximum voluntary hip abduction isometric strength. Knowing the normative 
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values for this proportion could be helpful in guiding rehabilitation efforts for patients with 
balance problems stemming from lack of lower extremity strength [20, 34]. 
2) Might the unipedal stance time (UST) be affected by fatigue of the hip abductor muscles 
during OLB? 
Muscle fatigue that develops as the result of a more-or-less constant  external moment at 
a joint has been well-studied in the fields of ergonomics and physical therapy because of the 
propensity to develop musculoskeletal pain if the moment is too large [36, 37]. In general there is 
an inverse relationship between the ‘Intensity’ of the isometric load1 and the ‘Endurance Time’ 
(ET) with Rohmert demonstrating this relationship to be nonlinear: he used a power curve to 
model it (ET =  b0(%MVS)b1). In an extensive review of the literature Frey-Law et al. showed 
that fatigue is joint specific; the muscles about some joints like the shoulders fatigue sooner than 
those about other joints like the ankle [15]. One might anticipate that the hip abductor muscles 
might fatigue during OLB test because of the significant and more-or less constant hip abduction 
they have to generate. This should lead either to a change in posture to relieve the load, or a 
voluntary end of the OLB test. In this way hip abductor muscle fatigue could limit the UST. 
However, to our knowledge, such a relationship has never been studied in the literature, possibly 
because the intensity of the hip abduction has not been quantified (Question 1). 
 
In this chapter, we address these two questions by using a modeling approach. To that 
end we invoked a 3-link double inverted pendulum computational model to represent a person 
standing on one leg for all our analyses with the frictionless joints in the model representing the 
stance ankle and hip articulations. The top link represents the body supported by the hip joint, the 
middle link represents the lower limb between the hip and ankle joint, and the lowest link 
represents the foot. In this chapter and the next, we will assume the foot link is stationary, 
essentially making our model a double inverted pendulum. We will first quantify all the postures 
in which one could maintain OLB by defining the quasistatic ‘Feasible Balance Region’: 
 
Quasistatic Feasible Balance Region (FBR): The set of all states in which quasistatic one-
legged balance can be maintained. 
 
                                                 
1 Intensity is the proportion of the isometric load relative to the maximum voluntary strength (%MVS) 
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We will employ published mean values for capacities of three different populations to examine 
how age, sex, and disease affect lower extremity capacities, namely ankle and hip ranges of 
motion and isometric muscle strengths, and how they affect the boundaries of the FBR. To 
consider the effect of age, we will compare two groups, namely healthy young (20-30 years) and 
healthy older (65 - 80 years) adults.  To consider the effect of disease in older adults we will 
compare healthy older adults with older patients with peripheral neuropathy. Then we examine 
the sensitivity of the FBR and the predicted hip abduction moment and intensity during OLB due 
to age- and disease-related losses of muscle strength in both men and women, the effect of 
changing the lateral bending configuration of the trunk, and different degrees of abduction of the 
non-stance leg. Subsequently, having predicted the intensity of the hip abduction moment 
demand during OLB for the young, healthy older adults and older adults with peripheral 
neuropathy, we touch upon the possible relationship between UST and the fatigue in the hip 
abductor muscles. We will examine this relationship in greater depth in Chapter 3 where we 
analyze the data from our OLB experiment with 38 subjects to examine age effects. Finally, in 
the Discussion we will examine the difference between maintainable and recoverable quasistatic 
states during OLB and discuss how relaxing some of the assumptions in the present chapter 





2.2.1 Quasistatic Equilibrium Equations for the Double Inverted Pendulum Model of OLB 
In this chapter we start by making the simplifying 
assumption that the stance foot is stationary in order to consider 
what is needed to perform the task of OLB over a stable foot, 
something that someone who is highly skilled at OLB like a 
gymnast or ballet dancer tends to do. That simplifies the 3-link 
double inverted pendulum model of OLB into a double inverted 
pendulum model with a stationary ankle joint. The full state of 
the double inverted pendulum can be described by four variables: 
the angle of the stance leg with the vertical line and its derivative 
(𝛥𝛥1, ?̇?𝛥1), and the hip abduction angle and its derivative (𝛥𝛥2, ?̇?𝛥2). 
Since we are mostly studying the quasi-state phase of the OLB, 
we can also assume that the angular velocities of the two links are 
negligible. Therefore two variables (𝛥𝛥1,𝛥𝛥2) will be sufficient to 
describe all the states in our model (Refer to Figure 6 and Figure 
7 for more details). 
Using the free body diagram in Figure 5 and the 
dimensions and states in Figure 6, we can calculate the torques 
required for maintaining any quasistatic OLB state: 
𝐸𝐸1(𝛥𝛥1,𝛥𝛥2) = −(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ)𝑔𝑔 sin 𝛥𝛥1 + 𝑀𝑀2𝑔𝑔𝑔𝑔 cos(𝛼𝛼 + 𝛥𝛥1 + 𝛥𝛥2)         (1) 
𝐸𝐸2(𝛥𝛥1,𝛥𝛥2) = 𝑀𝑀2𝑔𝑔𝑔𝑔 cos(𝛼𝛼 + 𝛥𝛥1 + 𝛥𝛥2)                (2) 
𝐸𝐸1𝑚𝑚𝑚𝑚𝑚𝑚 ≤  𝐸𝐸1 ≤ 𝐸𝐸1𝑚𝑚𝑚𝑚𝑚𝑚                                               (3) 
𝐸𝐸2𝑚𝑚𝑚𝑚𝑚𝑚 ≤  𝐸𝐸2 ≤ 𝐸𝐸2𝑚𝑚𝑚𝑚𝑚𝑚                                               (4) 
−20° ≤ 𝛥𝛥1 + 𝛥𝛥2  ≤ 20°                                          (5) 
Equation 1- Static Equations of a 3-link Double Inverted Pendulum 
T1min and T1max are the maximum ankle inversion and eversion torques respectively, and T2min 
and T2max are the maximum hip abduction and adduction moments. θ1 and θ2 are also constrained 
by the physiological ranges of motion for the ankle and hip joints. We can combine equations (1) 
and (2) with the ranges defined in (3) and (4) to find all the combinations of θ1 and θ2 within the 
ROM, where maintaining a quasistatic OLB is possible. Equation (5) limits the range of pelvic 
 
Figure 5- Free Body Diagram of 
quasistatic double inverted 
pendulum. Maximum ankle 
inversion/eversion, and maximum 
hip abduction/adduction moments 
were found from the literature [20, 
38, 39]. For a description of other 
parameters, please refer to Figure 6 
and Figure 7. 
 18 
inclination angles between pelvic sag and raise encountered in the clinic (See Assumption A4 for 
more details). The resulting area defines the FBR for the double inverted pendulum. 
2.2.1.1 Assumptions 
 A1- Parameters of the Double Inverted Pendulum Model: 
Anthropometric measurements 
of a 50th percentile man were used in the 
model for the theoretical derivations of 
equilibrium equations and the equations 
of motion for the double inverted 
pendulum model (1.78 m, 81.4 Kg) 
[40]. Maximum ankle 
inversion/eversion, and maximum hip 
abduction/adduction moments were 
found from the literature [20, 38, 39]. 
The choice of two joints was a 
compromise between keeping the model 
as simple as possible while being able to 
include the major contributing balance 




Figure 6- Modeling OLB with a double inverted pendulum model in 
the frontal plane. In this chapter, and the next, the stance foot is 
assumed to be stationary. (a) The links in the double inverted 
pendulum model are stance leg and the rest of the body. The spine is 
assumed to be straight without any lateral bending, and the 
contralateral leg is kept at a neutral abduction angle. (b) Parameters 
of the double inverted pendulum model are from a 50th percentile man 
(M1 = 14 Kg, M2 = 67 Kg, l = 57 cm, h = 88 cm, r = 19 cm, α = 56 °) 
[40]. (c) Two independent states are required to describe the double 
inverted pendulum model for quasistatic OLB (please refer to Figure 
7 for more details). 
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 A2- Choice of states for representing the double inverted pendulum model: 
We assume the non-stance hip is kept at neutral 
abduction and extension angles and the head and neck are 
kept straight and not bent in any direction. We also assume 
no lateral bending of the torso and arms crossed. With these 
assumptions we are considering the parts of the body 
balancing on the stance hip to be rigid and therefore only 
need one variable/state to uniquely describe its orientation in 
the frontal plane. γ is the angle between the horizontal line 
and the line connecting the stance hip to the COM of the rest 
of the body (M2 in Figure 7). α is the angle between a line 
connecting the left and right ASIS, and the line connecting 
the stance hip to M2. The rigid body assumption makes α 
constant, calculated to be equal to 56 degrees for the 50th 
percentile male model. In all our demonstrations we use θ2 as 
the state describing the orientation of M2. In deriving the 
equations of motion (Appendix I) we will use γ instead to 
account for the between-subject differences for choice of 
OLB posture.  
 A3- Muscle-equivalent force-length characteristics of the 
maximum isometric hip abduction moment 
Since a large range of possible hip abduction angles can be expected during OLB, we 
have to account for how the force-length characteristics of hip abductor muscles affect the 
maximum voluntary isometric hip abduction moment. So we scaled the data from Neuman et al. 
to the 50th percentile male model, by both weight and height, to account for the change of 
maximum isometric hip abduction moment with the hip abduction angle [41]. We also assumed 
that the maximum isometric hip abduction moment will stay constant after -10 degree of hip 
abduction; this was because we couldn’t find any data for the lower angles. 
 A4- Functional range of pelvic inclination angles during OLB 
While a professional dancer or gymnast can maintain their OLB in highly extreme 
postures such as a ‘standing split’, in the clinic a patient’s OLB is tested at pelvic inclination 
 
Figure 7- Angles describing the 
orientation of M2 is the frontal plane. α is 
considered constant in this chapter and 
equal to 56 degrees. Considering the 
degrees of freedom, only two states are 
required to uniquely describe the 
orientation of the double inverted 
pendulum.  It is clear that 
𝜸𝜸 = 𝜶𝜶 + 𝜽𝜽𝟏𝟏 + 𝜽𝜽𝟐𝟐. 
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angles close to neutral, which is defined as when the line connecting the left and right ASIS is 
horizontal. In addition, due to the difficulty of measuring the stance hip abduction angle, reports 
often describe a ‘sagging’ or ‘raising’ of the contralateral hip or pelvis during OLB instead [42]. 
For example, Inman allowed a 15-20 degree pelvic ‘sag’ and ‘raise’ in his experiment when he 
calculated the contribution of the abductor muscles to the abduction moment during OLB [24]. 
In this study, we consider a 20 degree pelvic sag and raise will include most people’s OLB 
posture in the clinic. The angle the pelvis makes with the horizon can be described by 𝛉𝛉𝟏𝟏 + 𝛉𝛉𝟐𝟐 in 
our model (Figure 7). 
 A5- Applying the physical capacities of different populations to the 50th percentile male 
model: 
To theoretically estimate the effect of sex, age, and peripheral neuropathy on the FBR, 
we first found the physical capacities of each of the three populations (young, older adult, and 
older adults with peripheral neuropathy) in the literature [21, 38, 39]. We then normalized the 
maximum isometric strengths by the reported mean mass and height values for each population, 
and then applied it to the mass and height of the 50th percentile male. 
 A6- No noise or time delays: 
The inherent time delays and noise in the human sensorimotor system make the task of 
balancing harder [43]. For simplicity, in the analysis we assumed there are no time delays or 
noise in the double inverted pendulum model. This assumption will cause the estimates of the 
FBR size to be exaggerated, however, since most of the analyses are during quasistatic OLB, we 
predict that this exaggeration is not substantial. In the Discussion, we will relax this assumption 
to an extent and examine how a latency in executing the response to an unexpected perturbation 
from OLB equilibrium can limit the initial quasistatic states for which OLB is recoverable. 
 A7- Ideal moment generation in muscles around stance leg ankle and hip joints: 
We assumed that the muscles around the ankle and hip joints can generate moments 
within their capacity range with no variation. We also assumed that the ankle maximum 
invertor/evertor moments stay constant within the usual ankle angles employed during OLB. 
Finally, we considered that the rate of moment generation to be very high. In the Discussion, we 
will relax this assumption by introducing a 90 ms rise time from zero to half of the maximum 
strength in both ankle and hip joint moments. This is because Thelen et al. showed that 
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normalizing the maximum rate of torque development by the corresponding strength removed 
the sex and age group differences  [44]. On average, it took 90 ms for their subjects to reach half 
of their maximum torque from resting. 
2.2.2 Dynamic Equations of Motion for the Double Inverted Pendulum Model of OLB 
Following the same assumptions used for deriving the quasistatic equilibrium equations, 
the dynamic equations of motion for the 3-link double inverted pendulum model were derived 
and can be seen in Appendix I. Since in this chapter we assume the stance foot is stationary at all 




2.2.3 Sensitivity of FBR to Lateral Movements of the Contralateral Leg during OLB 
Given the high mass of the contralateral leg, the subject can deploy their contralateral hip 
abduction angle to affect their OLB and therefore FBR. To calculate the sensitivity of the FBR to 
this degree of freedom, we allowed a -10 to 30 degrees abduction angle at the contralateral leg in 
our sensitivity calculations for the FBR. 
 
2.2.4 Sensitivity of FBR to Lateral Bending of the Spine during 
OLB 
Given the high mass of the head, arms, and trunk we can 
expect the FBR to be highly sensitive to any lateral bending of 
spine. We used published data on the maximal lateral bending of 
the vertebrae in the lumbar spine to estimate the maximum lateral 
bending that M2 could experience relative to the pelvis (θ4 ~ 20 
degrees in Figure 8) [45]. In our calculations for the sensitivity of 
the FBR to lateral bending of the spine, we used half of this value 




Figure 8- Maximum lateral 
bending of the COM of the HAT 
due to the lateral bending in 
lumbar vertebrae (θ4). Thorax was 
considered rigid because of the 
added stiffness due to the rib cage. 
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2.3 Results 
All the results that are presented here in this chapter are predictions based on my 
computational double inverted pendulum model of the OLB. The parameters for this model were 
extracted from the literature. For more details, please see the Methods Section. 
2.3.1 Characteristics of the Quasistatic Feasible Balance Region 
Figure 9 shows the predicted FBR for healthy young, healthy older adults, and older 
patients with peripheral neuropathy for both men and women. By definition a quasistatic OLB 
can only be maintained for the states inside the FBR. The lateral and medial margins of the 
functional BOS are always active constraints and determine the width of the FBR. The top line in 
all six groups is set by the maximum pelvic inclination angle (‘pelvic raise’) that we expect 
during clinical test of OLB. The length of the FBR is then set by the bottom constraint which is 
determined either by the minimum pelvic inclination angle (‘pelvic sag’) or the maximum hip 
abduction strength. The cross-sectional area, length, and width of the FBR for each of the six 
groups are reported in Table 3. 
 
Note: We can see that for a person with strong enough hip abductors, only considering the 
medio-lateral margins of the functional BOS is sufficient for assessing the quasistatic OLB. On 
the other hand, if the hip abductors are weak, then the FBR gets shorter from the bottom. For the 




Figure 9- Calculated quasistatic Feasible Balance Region (FBR) for healthy young (green + yellow + red regions), healthy 
older adults (yellow + red regions), and older patients with diabetic peripheral neuropathy (red region) for men and women. A 
point on the plot represents a quasistatic state for the double inverted pendulum model of OLB with a fixed foot link, where θ1 
is the angle that the stance leg makes with the vertical line and θ2 is the stance leg’s hip abduction angle (for more detailed 
description of the states, please refer to Figure 6 & Figure 7). By definition a quasistatic OLB can only be maintained for the 
states inside the FBR. The dashed-dot line in the middle is the locus of states for which the COM is in the same vertical plane 
as the ankle, so no ankle torque is required (T1 = 0). The top boundary for all groups is the locus of points where the pelvic 
inclination angle is raised a nominal 20º. While in healthy young men and women, and healthy old men the bottom boundary is 
the locus of points where the pelvic inclination angle is dropped a nominal 20º, in the other groups (healthy old women, and old 
patients with peripheral neuropathy) it is the maximum hip abduction strength that constrains the lower end of the FBR. The 
left and right side boundaries are always determined by the medial and lateral margins of the functional base of support, 




2.3.2 Predicted Sensitivity of the FBR Area to Loss of Strength and ROM in Ankle and Hip 
Table 3 shows the quantification of FBR area and examines its sensitivity to loss of 
functional BOS and maximum hip abduction strength. Base of support (BOS) refers to the cross-
sectional area under the stance foot. In Chapter 1 we defined the functional BOS as follows: 
 
Functional Base of Support during OLB: The area under the stance foot where COP can be 
taken while maintaining balance on one leg. 
 
Loss of Ankle Inversion/Eversion Strength: Any loss of functional BOS will reduce the width 
of the FBR. However, a loss of functional BOS is not synonymous to loss of ankle 
inversion/eversion strength. BOS during OLB is determined by the area under the stance foot. If 
a healthy young individual is standing on a narrow ridge, or wearing narrow shoes, they are 
automatically reducing their BOS and therefore their functional BOS, but they still have their 
strong ankle muscles. Alternatively, if the ankle muscles are too weak to tilt the stance foot so as 
to move the center of pressure between the lateral and medial margins of the BOS while standing 
on one leg, then any further loss of ankle inversion/eversion strength will shrink the functional 
BOS more and thereby shrink the width of the FBR. 
Loss of Hip Abduction Strength: If the hip abductors are strong enough, the maximum hip 
abduction strength will not become an active constraint in determining the bounds of the FBR. 
For example, consider healthy young and healthy older men in Table 3; the maximum hip 
abduction strength is not active for either group. However, we can see that a 20% reduction in 
strength reduces the FBR length by 24% in the healthy older men while not affecting the young 
men at all. A similar trend can be seen in the healthy women groups. Finally, both PN groups 
show high FBR sensitivity to any further reductions in hip abduction sensitivity. 
Loss of Ankle and Hip ROM: The range of ankle and hip abduction angles that we expect 
during a clinical test of OLB can easily be seen in Figure 9. If the stance foot does not tilt, a 
positive θ1 is approximately the same as the ankle eversion angle; θ2 is defined as the hip 
abduction angle. We assumed mean reported ROM in arriving at the FBR for our six groups, 
none of which became limitations on the FBR (11º ankle eversion, 31º hip adduction, and 48º hip 
abduction [46, 47]). However, losses of ankle eversion and hip adduction ranges of motion seem 
to be closest to becoming active constraints and thereby reducing the available FBR area. 
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Table 3- Predicted FBR sensitivity to reductions in functional base of support (BOS) and hip abduction strength for healthy young 
(HY), healthy older (HO), and older patients with peripheral neuropathy (PN) in men and women. A reduction in functional BOS 
reduces the width of the FBR (FBOS (-20%) column), while a reduction in maximum hip abduction strength may reduce the length 
(Hip ABd Strength (-20%) column). We define the Length as the length of the zero ankle torque curve. Width is calculated then by 





2.3.3 Quasistatic Transition of Bipedal to Unipedal Stance 
Figure 10 shows three hypothetical 
quasistatic transitions from bipedal to unipedal 
stance. Point P1 is the state of the person 
standing on both legs. It is clear that this state 
cannot be maintained quasistatically since it 
lies outside the boundary of the FBR set by the 
medial margin of the functional BOS. Indeed, 
the COM of the body without the stance leg 
(M2) stays more medially than the medial 
margin of a regular shoe during bipedal stance. 
During the transition, the subject can either 
keep their pelvic inclination angle level (e.g. 
P1-P2), raise it (e.g. P1-P3), or let it sag (e.g. P1-
P4). Raising the pelvis inclination angle will 
reduce the hip abduction moment required for 
OLB because it reduces the moment arm of M2 
on a cosine curve approaching 90 degrees 
(please see (2) in Equation 1). Conversely, 
letting it sag will increase the hip abduction 
moment. 
 
Figure 10- Quasistatic transition from bipedal to unipedal 
stance. Point P1 is the state of the person standing on both 
legs. This state cannot be maintained on one leg because it 
falls outside the FBR. If the person slowly transitions to one 
leg, she could take three different general routes. P1-P2 shows 
a sample trajectory of quasistatic states where the pelvic 
inclination angle is kept level during the transition, P1-P3 is 
when it is raised, and P1-P4 is when it is sagged.  
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2.3.4 Predicted Sensitivity of FBR and Hip Abduction Moment to Medio-Lateral Bending of 
the Lumbar Spine and Movements of the Contralateral Leg in the Frontal Plane during OLB 
Table 4 shows the effect of ±10° of 
medio-lateral bending of the lumbar spine and a 
variation from -10° to 30° of contralateral 
(Cont.) hip abduction on the parameters 
determining the effective moment arm of M2 
for the model of the 50th percentile man (‘r’ and 
‘α’ in Equation 1 and Figure 6). We can see that 
laterally bending the spine and adducting the 
contralateral leg decrease the effective moment 
arm, while medially bending the spine and 
abducting the contralateral leg increase it.  
Figure 11 shows the effect of ±10 
degree of medio-lateral bending of the lumbar 
spine on the FBR for the 50th percentile healthy 
old man. The width of FBR is unaffected 
because it is determined by the width of the 
functional BOS. On the other hand, the increase 
in the demand for hip abduction moment due to 
medially bending the spine shortens the FBR. If 
the hip abduction strength was high enough, the 
medial (lateral) bending of the spine would just 
shift the FBR to the right (left) between the two 
parallel lines set by ±20° pelvic inclination 
angle raise and sag. 
 
Figure 11- Predicted effect of ±10° medio-lateral bending of 
the lumbar spine on the FBR of the 50th percentile healthy 
old man. We can see that a medial (lateral) bending of the 
lumbar spine shifts the FBR to the right (left). The width of 
the FBR stays essentially unchanged. Medial bending of the 
lumbar spine increases the required hip abduction moment 
for OLB. If the hip abductor muscles are not strong enough, 
this results in shortening of the FBR. Conversely, lateral 
bending of the lumbar spine decreases the hip abduction 
moment and could increase the length of the FBR in the case 
of weak abductor muscles. 
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Table 4- Predicted sensitivity of the calculated α, r, and hip abduction moment to ±10 degree changes in medio-lateral bending 
of the lumbar spine and -10° and 30° of contralateral hip abduction for the 50th percentile man double inverted pendulum model. 
For the definition of r and α, please refer to Equation 1. 
  Case 1 Case 2 Case 3 Case 4 Case 5 
Lumbar Spine Medio-Lateral 
Bending Angle (deg) 0 10° Lateral 10° Medial 0 0 
Contralateral Hip Abduction 
Angle (deg) 0 0 0 30 -10 
r (cm) 19 17 21 22 18 
α (deg) 56 66 46 49 59 
OLB Hip Abduction Moment 
Demand (N.m) 70 44 96 95 61 
% Increase in OLB Hip Abd 
Moment -  -37 37 36 -13 
 
 
2.3.5 Predicted Intensity of the Hip Abduction Moment Demand for the Clinical OLB Test 
Table 5 shows the demand of the hip abduction moment during OLB for each of the six 
groups standing with a level pelvic inclination angle. This assumption is close to the clinical test 
of OLB where a noticeable pelvic sag (Positive Trendelenburg Sign) or a lateral bending of the 
spine accompanied by raising of the pelvic inclination angle (Negative Trendelenburg Sign) are 
considered signs of severe hip abduction weakness [42]. In Table 4 we showed that a half 
maximal bending of the lumbar spine can reduce the intensity of the hip abduction moment 
demand by 37%. 
Table 5- Hip abduction moment demand of OLB as a percent of maximum voluntary hip abduction strength (% MVS) for healthy 
young (HY), healthy older (HO), and older patients with peripheral neuropathy (PN) in both men and women. The required hip 
abduction moment was calculated for point P2 in Figure 10 for a level pelvis and zero torque generated at the ankle. The force-
length characteristic of the hip abductor muscle-equivalent was included in the calculations. 
 
  
HY HO PN 
Men Women Men Women Men Women 
Hip Abduction 
Moment Demand 
of OLB (%MVS) 
50 57 66 82 106 95 
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2.3.6 Ankle and Hip Moment Coordination for Creating the Maximum Medial/Lateral 
Acceleration of the COM 
For any state of OLB one might need to maximize COM acceleration in 
the lateral direction (?̈?𝛥 > 0 in Figure 12), then we would need to rapidly increase 
ankle torque (take the COP to the medial margin of BOS) and decrease hip 
abduction moment (decrease the pelvic inclination angle). Conversely, in order 
to develop the maximum medial acceleration of the COM (?̈?𝛥 < 0), e.g. avoiding 
lateral falls, one would need to rapidly decrease the ankle torque (take the COP 
to the lateral margin of BOS), and increase the hip abduction moment (increase 
the pelvic inclination angle). 
It should be noted that the suggested strategies in Table 6 only apply 
when the goal is to create maximum possible accelerations of the model COM in 
a given direction. During regular OLB, many different control schemes could be 
applied to successfully control OLB. 
Table 6- Ankle-hip moment coordination for avoiding model medial and lateral falls during OLB 
Avoid OLB Falls Laterally Medially 
Moment 
Direction 
Ankle Inversion Eversion 










One-legged balance (OLB) is one of the most common tests of balance in the clinic. To 
our knowledge, this is the first time that the effect of limited lower extremity capacities (namely 
ankle and hip strength and ROM) on the possible OLB postures (states) has been quantified. 
Using our simple double inverted pendulum model, we showed that even quietly standing on one 
leg requires a healthy individual of any age to generate at least half their maximum hip abduction 
moment, and that demand increases markedly with age and especially PN. The need for such a 
large constant abduction moment of course does not exist in bipedal standing. We also 
introduced in this Chapter the quasistatic feasible balance region (FBR) as the combination of all 
poses for which a subject can maintain OLB. We then used the size of the FBR area as a measure 
to quantify the sensitivity of OLB to reductions in lower extremity capacities. We showed that 
the natural reduction in maximum hip abduction strength due to aging made the size of the FBR 
for the elderly more sensitive to any further reduction in hip strength compared to the case for 
the young. Since the intrinsic noise in physiological feedback loops and force generation in the 
muscles, make one’s OLB states follow a random Brownian motion [48], a reduction in FBR 
size makes maintaining quasistatic OLB a more difficult task. 
How does this chapter and the concept 
of FBR extend the current literature on OLB? 
In the next two paragraphs we consider this 
question. The clinically relevant question, “how 
much lower extremity strength and ROM is 
required for OLB?” has not received much 
attention in the biomechanics literature. This is 
perhaps due to the assumption that the strength 
requirements of OLB and bipedal stance are 
similar except for the smaller BOS in OLB. 
Even then, the literature on the effect of lower 
extremity capacities on bipedal balance is 
sparse. In a computational modeling study of rising from a chair, Pai et al. used a single inverted 
pendulum model with a foot link to study all the combinations of COM position and velocity 
from which a person could come to rest while maintaining their balance [49]. They referred to 
 
Figure 13- Effect of reducing the ankle strength, BOS, and 
coefficient of friction on the “Feasible Region”. Photo 
copied from [49]. 
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this area in the space of COM position-velocity the ‘Feasible Region’ (Figure 13). They also 
established the sensitivity of the ‘Feasible Region’ area to reductions in BOS and ankle strength. 
Such an approach could be implemented for OLB as well [50]. However, since our model shows 
that the limiting stance hip ROM and muscle strength also limit possible OLB poses, we would 
have to find the ‘Feasible Region’ in a four dimensional space (𝛥𝛥1,𝛥𝛥2, ?̇?𝛥1, ?̇?𝛥2). While this is 
computationally interesting and possible, it does not provide much insight into the effect of 
limited lower extremity on OLB due to the added complexity for interpretation of the results. 
Instead we resorted to considering only the quasistatic states where maintaining OLB was 
possible. This is relevant because any dynamic OLB maneuver in the frontal plane has to be 
brought to rest momentarily before changing speed to the opposite direction. So having a large 
enough FBR area is then a necessary condition for balancing on one leg. 
Many biomechanical studies of OLB, usually conducted with healthy young subjects, 
have naturally overlooked the role of limited hip abduction [29, 32].  But in clinical studies with 
elderly it has been recognized as being an important factor in determining a patient’s OLB pose 
(i.e., Trendelenburg signs for OLB) and unipedal stance time (UST) [20, 42]. The negative 
Trendelenburg sign during OLB is a term used to refer to patients with severe hip abductor 
weakness who have to resort to extreme lateral bending of their spine in order to reduce the hip 
abduction moment demand during OLB. Our double inverted pendulum model showed that even 
using half of that maximum possible lateral bending of the lumbar spine could decrease the hip 
abduction demand by 37%. So, we can see that, even with a quasistatic analysis, our calculations 
provide useful clinical insights into the capacity requirements for maintaining OLB. 
While our study quantifies the effect of lower extremity capacities on the possible OLB 
postures, we still have not established a relationship between the limited lower extremity 
capacities and the unipedal stance time (UST). It is obvious that having enough lower extremity 
strength and ROM is a necessary but not sufficient condition for achieving a long UST. A 
possible connection between the two is that the fatiguing of the stance hip abductors can change 
the subject’s strategy in order to maximize UST. We will explore this further in Section 2.4.1. 
What are the limitations in our analyses?  One obvious limitation is that our analysis has 
been concerned with quasistatic OLB. During quasistatic OLB, hip abductors keep the pelvis 
from sagging, and the ankle moments move the center of pressure under the stance foot to finely 
control OLB. But the hip abductor muscles could also be effective in creating a corrective 
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acceleration of the center of mass. In Section 2.4.2 we will examine how rapid torque 
development at the stance hip could extend the boundaries of the FBR that are constrained by the 
medio-lateral margins of the functional BOS. Finally, in Section 2.4.3 we consider what would 
happen to our predictions if we relaxed two important assumptions, namely infinite RTD and no 
latency in detecting and reacting to a hypothetical perturbation to OLB. 
Amongst the most important limitations of this chapter are modeling errors and extracting 
anthropometric and capacity related parameters of the model from published mean values in the 
literature. First, we used a double inverted pendulum model for all our analyses. This required 
considering the arms, head, non-stance leg, and particularly the spine to be always kept rigid. 
Such simplification was a compromise for finding the simplest model that could still capture the 
importance of the stance hip joint during OLB. In Section 2.3.4 we presented the sensitivity of 
our findings to this assumption. Second, we used published mean muscle capacity data from the 
literature, normalized those values to the mean reported height and weight of their subjects, and 
then rescaled them to the height and weight of our 50th percentile man model. Unfortunately, this 
approach neglects the between-subject differences in mass distribution, anthropometry, strengths 
and ROM. In the next Chapter, we address this limitation by bringing in 38 human volunteer 
subjects (groups of young and older men and women) to the Biomechanics Research Lab, 
measuring their relevant muscle capacities, and testing their OLB using standard motion capture 
and force measuring equipment. Finally, the assumption that the maintenance of OLB is 
accomplished by movements completely contained within the frontal plane may not always be 
valid. For example, at the stance hip, we can redirect torso momentum in the frontal plane to the 
sagittal plane by engaging the hip internal or external rotator muscles. In addition, the stance foot 
is not glued to the floor. One can systematically shift the COP between the heel and toes in such 
a way as to shuffle the foot medially or laterally, a behavior that we study in Chapter 4.  
However, since in this chapter all our results were for quasistatic OLB, we considered out-of-
frontal plane movements to be negligible.   
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2.4.1 Predicted Effect of Hip Abductor Muscle Fatigue on Unipedal Stance Time 
As discussed in Chapter 1, the usual outcome measure for the clinical OLB test is the 
maximum UST. We showed that standing on one leg with a level pelvis takes between 50%-
106% of the maximum hip abduction strength, depending on which of the six subject groups are 
considered. At a level of demand in excess of 50% of maximum, and if all the hip abduction 
moment is being provided by the abductor muscles, we can anticipate that fatigue of the abductor 
muscles could well limit UST.  What would be the magnitude of this effect and how would it 
affect UST? 
We can model the fatiguing of the hip 
abductors as a loss of maximum strength over 
time. Let us assume the patient is trying to keep a 
level pelvic inclination angle during a 30 s timed 
clinical OLB test. As the test continues, the hip 
muscle strength decreases and now we know that 
results in the length of the FBR decreasing from 
the bottom. We hypothesize that when the FBR 
has shrunk past the ‘Pelvis Level’ line, the patient 
can no longer maintain their OLB in the same state 
as before. He (she) then either has to decrease the 
hip abduction demand by bringing the quasistatic 
state to a higher region inside the FBR, or ending 
the OLB test by putting his (her) foot down 
because the state passes outside the FBR.  
 We can use Rohmert’s curve (Figure 14) 
to estimate an upper limit for UST, given the intensity of the hip abduction moment demand of 
OLB. Since fatigue due to isometric load has been shown to be joint specific [15] and there are 
not many studies of hip abduction fatigue we instead used the knee, as the closest joint to the hip, 
for our estimations of how the hip abductors will fatigue. We calculated that achieving a 30 s 
UST with a level pelvis is only possible if the hip abduction moment demand is not larger than 
61% of the MVS. To achieve a two minute UST, the hip abduction moment has to be less than 
35% MVS. It is noteworthy this is smaller than the value we calculated for the parameters of our 
 
Figure 14- Joint Specific Endurance Time Plots for 
Sustained Isometric Loads at Different Intensities 
(%MVS)  (copied from [15]). We can see that a decrease 
in intensity will increase the endurance time (𝐸𝐸𝐸𝐸 =
 𝑏𝑏0(%𝑀𝑀𝑀𝑀𝑀𝑀)𝑏𝑏1). Since there are not enough experiments 
on the fatiguing of the hip abductors, we will instead use 
the published parameters for the fatiguing of the knee 
joint in young subjects for our estimations (b0 =19.88, 
b1 = -1.88). 
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strongest group, the healthy young men. This result is unexpected given population norms for 
recorded UST values. For example, Morioka et al. found that in a “two-minute” OLB test, the 
mean UST for people in their 20s and 30s was close to two minutes (Figure 2 from [22]). This 
suggests that many of their subjects probably could stand for even longer times.  
The discrepancy between the predicted fatigue time for the stance hip and the observed 
mean normative values for UST could be due to two reasons: 
a) Estimation error in our calculation of the hip abduction moment demand during OLB: All 
the limitations that we mentioned for this chapter could contribute to potential overestimation 
errors in our calculation of the hip abduction moment demand. 
b) Contribution of passive elements to the necessary hip abduction moment during OLB: 
There is evidence that suggests there could be ligamentous tension that contributes some of the 
hip abduction moment during OLB. For example, in patients with severe gluteal damage, 
sometimes a marked sagging of the pelvis is observed during OLB (Positive Trendelenburg 
Sign) [42]. There are also studies that measured the hip abductor muscles activity during OLB 
using surface and needle EMG. They showed that dropping the pelvic inclination angle decreases 
abductor muscle activity, while raising it increases it [24, 26]. But a sagging of the pelvis 
increases the hip abduction moment demand of the OLB. This suggests that something other than 
the abductor muscles could be sharing the load. 
In Chapter 3, we will test the validity of our estimations by testing human volunteer 
subjects doing OLB tests. That will allows us to estimate the intensity of the hip abduction 
moment demand for each individual, and compare his/her hip muscle fatigue time with their 
UST. Should the UST be significantly longer than the estimated fatigue time, then we could 
conclude the existence of a load sharing mechanism between the hip abductor muscles and 
passive elements.   
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2.4.2 Maintainable vs. Recoverable Quasistatic States during OLB 
It is important to point out that being 
able to maintain a quasistatic state (all points 
within the FBR) and being able to recover 
balance from an initial quasistatic OLB state 
are not the same. To maintain quasistatic 
balance, the only option is to use the ‘Ankle 
Strategy’ [28, 29] while using isometric hip 
abduction moment to prevent the pelvis from 
sagging. However, to control OLB, one does 
not have to remain quasistatic. The ‘Shear 
Force Strategy’ [33, 51] can also exert 
considerable control over OLB2. In our double 
inverted pendulum model, considerable shear 
force under the stance foot can only be 
generated by rapid increase or decrease of hip 
abduction moments. We will call this the ‘Hip 
Strategy’ [33] from now on. As we have seen, 
exerting maximum hip abduction (adduction) 
moment along with bringing the COP to the 
lateral (medial) margin of the BOS, can create a 
large medial (lateral) acceleration of the COM. 
This acceleration is substantial but limited in 
duration because exerting maximal hip 
abduction / adduction will inadvertently cause the hip to reach its end of ROM. At that point, a 
reverse moment is exerted by the ligaments surrounding the hip to stop damage to the joint. 
Figure 15 shows the effect of ‘Hip Strategy’ on extending the width of the FBR, while 
observing the limits of ROM of the stance hip and ankle. We can see that in this particular case, 
we are predicting the width of the recoverable quasistatic states area to be almost twice as much 
                                                 
2 For a review, please refer to Balancing on One Leg in Chapter 1. 
 
Figure 15- Effect of Hip Strategy on Extending the Width of 
the FBR. The yellow region shows the FBR for the 50th 
percentile old woman. While we predict that quasistatic OLB 
can only be maintained within the FBR, using maximum 
abduction and adduction moments in addition to the ‘Ankle 
Strategy’, we predict that quasistatic OLB can also be 
‘recovered’ from the green regions on the two sides of the 
FBR. The bottom line of the FBR and the recoverable 
quasistatic OLB states is determined by the maximum hip 
abduction strength in this Figure. For details of the 
simulations and criteria for successful recovery of balance, 
please refer to Appendix II. 
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as the width of the FBR. For details of the simulation and the criteria for successful recovery of 
balance, please refer to Appendix II. 
2.4.2.1 Extension of Functional BOS Lateral Margin by Using the Hip Strategy in Quasistatic 
OLB States with a Level Pelvis 
In Figure 15 we showed how using the ‘Hip Strategy’ can extend the side boundaries of 
the FBR to include more quasistatic states from which OLB can be recovered. Previously, we 
showed that the side boundaries are set by the medio-lateral margins of the functional BOS. So 
in a way, using the hip strategy is extending the margins of the functional BOS. In his 
experiment, Otten reduced the functional BOS by having subjects stand on one leg on a narrow 
ridge (4 mm wide). This forced the subjects to use the hip strategy for maintaining their OLB. He 
showed that the COG could go up to 4 cm beyond the BOS and still recover OLB [33]. For 
comparison, we consider the locus of initial states for which the pelvis is kept level (‘Pelvis 
Level’ line in Figure 15). Starting from the T1 = 0 point (P2) we travel to the right (laterally) until 
crossing the boundaries of the FBR (P5) and the recoverable quasistatic states (P6). Then we 
calculate the location of the COG relative to the stance ankle3. Table 7 shows the predicted 
location of the COG relative to the stance ankle at P5 and P6 for healthy young and healthy older 
men and women. We predict that the COG can be more than 2 cm away from the lateral margin 
of the functional BOS and the subject is still able to recover his (her) OLB balance. This number 
is less than Otten’s observation. However, it should also be noted that his observation is for all 
the states during OLB (both dynamic and static), while ours only include the initial quasistatic 
states. In addition, in our calculations, we have assumed the subject has their arms crossed and 
their torso is rigid. We predict that allowing the movements of arms and the trunk can increase 
the effectiveness of the ‘Shear Force Strategy’ in extending the functional BOS. 
  
                                                 
3 We chose the lateral direction because a lateral fall during OLB is more likely to cause an injury compared 
to a medial fall [86]; should one feel oneself falling medially, one simply put the contralateral foot down. 
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Table 7- Predicted extension of the Functional BOS by the Hip Strategy in quasistatic OLB states with a ‘Level Pelvis’. The numbers 
in the ‘functional BOS’ column refer to the medio-lateral difference in COG position at points P2 and P5 in Figure 15. The values 
in the ‘Extension of FBR width due to the Hip Strategy’ column are the same difference for COG positions between points P2 and 
P6.   
Group 




Extension of FBR width due to the 
‘Hip Strategy’ (cm) 
HY 
Men 2.0 4.5 
Women 2.0 4.5 
HO 
Men 2.0 4.2 
Women 2.0 4.2 
 
2.4.3 Predicted Sensitivity of Recoverable Quasistatic OLB States to Physiological Delays 
In this chapter, we assumed that there are no neuromuscular delays in the human body 
(assumptions A6 and A7 in the Methods section). This was mainly because our focus was on 
quantifying both the effect of changes in ankle and hip strengths and of ranges of motion on 
OLB capacity, without making assumptions on the control strategy and the state estimation 
scheme that the CNS uses for controlling OLB [52, 53]. On the other hand, it is obvious that 
being slow in executing corrective actions for quasistatic balance recovery, will make the task 
harder. Next, we examine two different sources of physiological delay in reacting to recover 
OLB in a hypothetical scenario: 
 
One Hypothetical Scenario for Recovering OLB: Our 50th percentile model of healthy older 
woman is standing on one leg at a quasistatic state on the T1 = 0 locus of points (for example 
point P2, P3, or P4 in Figure 10). Now, while she maintains a constant hip abduction moment, we 
deviate her quasistatic state away from her current state with zero ankle torque. In the following 
two cases, we consider if she can create enough corrective acceleration to recover from the initial 
deviation. 
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2.4.3.1 Case I: Predicted Effect of Limited Rate of Torque Development on the Recoverable 
Quasistatic OLB States 
In this case, we assumed our 
hypothetical woman instantly realizes that she 
needs to take corrective action. Then we 
consider the effect of delay in developing her 
maximum ankle and hip moments in the 
correct direction. Figure 16 shows the 
predicted effect of enforcing rate of torque 
development on the recoverable quasistatic 
OLB. First we assumed there is no delay in 
developing maximum ankle and hip moments. 
Then we made both ankle and hip joints in 
our model to have limited rates of torque 
development. So, starting from zero ankle 
moment and constant hip abduction moment, 
we found all the initial quasistatic states that 
we predicted could be recovered during OLB. 
As expected, we see that enforcing a limited 
rate of torque development shrunk the area of 




Figure 16- Effect of limited rate of torque development (RTD) 
in ankle and hip joints on the predicted recoverable quasistatic 
OLB states. The blue area shows the quasistatic OLB states 
that become unrecoverable due to enforcing a limited RTD. We 
enforced RTD by using a 90 ms rise time for reaching half of 
the maximum torque from a resting moment [44]. The area 
with the dashed line is the predicted FBR for the 50th percentile 
older woman, added here for reference. 
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2.4.3.2 Case II: Predicted Effect of Latency on Initiating the Predetermined Maximum COM 
Acceleration Ankle-Hip Recovery Strategy 
What happens if the rate of torque 
development used in Case I is maintained, but 
the woman did not instantly initiate her 
corrective ankle-hip response? This could be 
the case if the subject was dual-tasking or not 
paying attention to their OLB but then, after a 
latency, realized that a balance correction was 
necessary. We considered a 250 ms latency, 
which has been shown to be the average time 
required for a recognition reaction time in the 
simple task of deciding whether or not to catch 
a falling stick depending on whether a light cue 
was present or not [54]. We then considered 
what would happen if we increased the latency 
to 500 ms. Figure 17 shows the recoverable 
quasistatic OLB states for each considered 
latency. We see that even enforcing the 250 ms 
latency in initiation of the corrective ankle-hip 
strategies shrunk the quasistatic recoverable 






Figure 17- Effect of latency, in initiation of the 
predetermined maximum COM acceleration strategy, on the 
predicted recoverable quasistatic OLB states: No latency 
(Blue + Green + Red region), 250 ms latency (Green + Red 
regions), and 500 ms latency (red region). The area with the 
dashed line is the predicted FBR for the 50th percentile older 
woman, added here for reference. 
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2.5 Conclusions 
• The FBR can be used to demonstrate the effect of limited ankle inversion-eversion (FBR 
width) and hip abduction moment (FBR length) on OLB postures.  
• Effect of restrictions on muscular capacities and range of motion due to aging, disease, or 
injury, can be shown as reductions in FBR width and length. Conversely, we can show 
the effect of rehabilitation as an increase in FBR width and length. 
• The model makes it clear that the hip abduction moment required to stand on one leg is 
substantial, ranging from 50% of maximum voluntary muscle strength in healthy young 
males to 82% of the maximum in healthy older women. If there is no muscle fatigue then 
UST is likely not limited by lower extremity muscle strengths.  
• In patients with moderate peripheral neuropathy, the demand for hip abduction strength 
likely exceeds their capacity leading one to expect brief UST times. This effect is 
amplified by a lack of proprioception which makes the OLB states more variable and 
more likely to cross out of the width of the FBR as well. 
• Because of the OLB demand for 50% or more of maximum hip abduction strength, 
fatigue of the hip abductor muscle will almost certainly limit UST beyond ~1 minute, 
particularly in older women, and severely limit UST in those with peripheral neuropathy 
(73 s and 57 s for healthy young men and women respectively, 55 s and 34 s for healthy 
older men and women respectively, and less than 10 s for both older men and women 
with peripheral neuropathy).  
• The coordination necessary for creating a maximal medial or lateral acceleration of the 
COM during OLB is independent of the initial state. To avoid a lateral fall during OLB, 




One-Legged Balance Experiment and Validation of the Feasible Balance Region 
 
3.1 Introduction 
In Chapter 2 we used a modeling approach to quantify the strength requirements for one-
legged balance (OLB). To accomplish that we used mean published anthropometric and lower 
extremity capacity data to arrive at two results: 
 
1) Ankle and hip strengths and ranges of motion in the frontal plane defined a feasible 
balance region (FBR) in which we anticipate maintaining quasistatic OLB is physically 
possible (please see Section 2.3.1). 
2) Hip abduction moment demand during OLB was, on average, calculated to be more than 
50% of the maximum voluntary hip abduction strength in all adult groups (please see Section 
2.3.5). 
 
Based on the second result and knowledge of the fatigue behavior of muscles [15], we 
hypothesized that fatigue of the hip abductor muscles (mostly the gluteus medius, gluteus 
minimus, and tensor fasciae latae) may actually limit maximum unipedal stance time (UST). A 
limitation of this approach is that it was based on literature data extracted from different sources. 
In this chapter we address this limitation directly by conducting an OLB experiment in young 
and older adults. Our hypotheses are: 
 
H1: All experimentally measured quasistatic OLB states will fit inside the FBR derived from 
subject-specific anthropometry, and hip and ankle strengths and ranges of motion. 
H2: Measured endurance time at a 50% of maximum hip abduction strength exertion exceeds 
the measured UST for each subject. Alternatively, the calculated subject-specific hip 
abduction moment demand intensity will reliably predict the maximum UST for that subject. 
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Both hypotheses rely on the assumption that, in healthy adults, the hip abduction demand of 
OLB is completely resisted by only the abductor muscles. Rejections of these hypotheses would 
suggest that there is significant contribution from mechanisms other than the hip abductor 
muscles in resisting the hip abduction moment demand of OLB. 
 The Methods Section provides full details of the OLB experiment. In short, the 
anthropometry and ankle and hip strengths were first measured for each participant. Then they 
stood on one leg for as long as they could, up to a maximum time of four minutes, while their 
movements were recorded by a motion capture system. The primary outcome measures from the 
experiment were the UST and calculated intensity of the hip abduction moment demand of OLB 
for each subject. Secondary outcomes include the kinematic parameters such as pelvic inclination 
angle and lateral bending of the trunk during OLB. The secondary outcome measures are 
presented because they could reveal potential strategies that our participants used to change the 
intensity of their hip abduction moment during the experiment. 
 In the Results section we review our findings. These show that the calculations of the hip 
abduction moment demand in Chapter 2 were correct. Furthermore, the findings lead one to 
reject both the above hypotheses, indicating the existence of a load sharing mechanism between 
the abductor muscles and another structure or set of structure; we posit those involve the 
ipsilateral iliotibial band. The Discussion includes a further examination of the posited iliotibial 
mechanism and a discussion of how it affects our original hypotheses. Particularly, regarding the 
FBR, only a severe hip abductor muscle strength loss would cause the FBR length to be affected. 
In these cases, we anticipate that the change in FBR length will be in the form of a splitting in 
the middle showing that maintaining OLB with a level pelvis is not possible. This finding is 
corroborated by the Trendelenburg’s test of function in the clinic in which patients with severe 
abductor muscle atrophy are asked to stand on one leg; they would either have a marked ‘sagging 






Twenty young (20-30 yrs) and 21 older (65-80 yrs) healthy participants were recruited 
for this study. Each participant read and signed a printed copy of the informed consent form that 
was approved by the Institutional Review Board for human studies at University of Michigan 
(HUM00130970). Initial telephone screening can be found in Appendix VII. Inclusion Criteria: 
All subjects were considered healthy and exercised at least two times a week. To participate, 
subjects were required to be able to stand on their left foot for more than 10 seconds. Exclusion 
Criteria: Participants who regularly took sedatives or medicines with a combined 1+ 
anticholinergic burden score were excluded [55]. A foot vibration sensation test was conducted 
as an indicator for developing neuropathy in the participants [56]. A 128 Hz tuning fork was 
used to perform the test on the big toe of both feet. A perceived vibration sensation lasting under 
10 seconds was considered “low sensitivity” and excluded the participant from the study. The 
results led to the exclusion of three older participants. None of the participants in this study were 
pregnant, had amputation or foot deformity, recent sprain or fracture of ankles, knees, hips, arms, 
spine, or head in the past year. Subjects with BMI over 35 kg/m2 were excluded due to the 
potential for excessive movement of the surface markers relative to the bony landmarks which 
would have made interpretation of the motion capture data inaccurate. The data for two men (one 
in the young group) were excluded in the analyses due to markers sliding permanently on the 
skin after the digitization process. The data for another man in the young group were also 
excluded due to inaccurate strength measurements. These exclusions resulted in an effective 
sample size of 18 young and 17 older participants. All the subjects participated in both the OLB 
experiment and the heel-toe-shuffle (HTS) experiment on the same testing session. The details of 
the HTS experiment can be found in Chapter 4. The demographics of the participant pool can be 
seen in Table 8.  
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Table 8- Age, weight, and height of the participants in the OLB experiments. The entries inside the parentheses are the standard 
deviation for each group. 
 
Young (20-30 yrs) Older (65-80 yrs) 
p-value Men 
(n = 8) 
Women 
(n = 10) 
Men 
(n = 7) 
Women 
(n = 10) 
Age (yrs) 25 (2.5) 26 (2.8) 70 (4.0) 69 (3.6) < 0.001¹ 
Weight (Kg) 76.1 (11.4) 62.5 (6.6) 82.4 (5.3) 64.6 (8.1) < 0.001² 
Height (cm) 174 (5) 168 (6) 177 (5) 159 (5) 0.01³ 
BMI 
(Kg/m²) 24.9 (3.1) 22.2 (1.8) 26.4 (2.2) 25.4 (2.9) 
0.007¹ 
0.03² 
¹Age main group effect 
²Sex main group effect 
³Age:Sex group interaction 
 
3.2.2 Testing Sequence 
Figure 18 shows an overview of the sequence of measurements and experiments for each 
participant. We have already covered Step 1. We will clarify the remaining steps in the 
remainder of the Methods section. 
 
Figure 18- Overview of the sequence of measurements and experiments for each participant 
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3.2.2.1 Left Leg Muscle Strength Measurements (Step 2 in Figure 18) 
In this section we will describe the procedure for measuring different lower extremity 
strengths and the hip abduction fatigue test which followed the measurement of the maximum 
hip abduction strength test. All the measurements were made on the left leg. A summary of the 
measured strengths with different normalization methods can be seen in Table 9. 
 Measuring Maximum Voluntary Isometric Hip Abduction Strength 
Different methods have been reported in the literature for measuring maximum hip 
abduction strength [57, 58]. In this study, subjects laid supine on a padded cot with the left leg 
extended at a neutral abduction angle supported by padded bracket on a lever that was kept 
stationary. (If released, which it was not for this isometric part of the experiment, the lever could 
rotate about a vertical axis collinear with the axis of rotation of the left hip.) The right trochanter 
was supported by another bracket and a belt over the pelvis secured the subject to the test bed. 
Subjects were instructed to gradually reach their maximum hip abduction isometric strength 
against the bracket in about 3 seconds, and maintain it for two seconds before relaxing. 
Maximum strength was measured by recording the force on the bracket using a Lafayette Manual 
Muscle Tester and multiplying by its measured moment arm about the center of the left hip. 
Three trials were performed and the peak torque was chosen as the maximum voluntary 
isometric hip abduction moment. Testing the hip abduction strength in the horizontal plane 
eliminated any possibility of gravity affecting the measurements.  
 Measuring Hip Abduction Endurance Time at 50% MVS 
We used the same test bed for measuring maximum hip abduction strength to measure 
hip muscle endurance behavior. This time the lever under the left leg was allowed to rotate freely 
about the left hip. Physical weights corresponding to approximately half the subject’s maximum 
exerted force were connected to the rotating lever and bracket via a pulley mechanism. Subjects 
were then asked to develop an abduction moment to maintain the weight off the ground for as 
long as possible. The weight and the maximum time that each subject could maintain the weight 
off the ground were then recorded. A single trial was performed.  
 Adjusting the Maximum Isometric Hip Abduction Strength by the Fatigue Time 
After testing the first 10 subjects, we noticed that some, especially older, subjects were 
having difficulty with the coordination required for exerting a maximum isometric abduction 
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effort in the supine position. Meanwhile, keeping the submaximal weight suspended was a more 
familiar task which they all had success accomplishing suggesting little or no learning was 
required. This could be readily observed because some of the subjects kept the weight suspended 
for a long time, up to five minutes in some cases when the tester had to halt the fatigue 
experiment. According to our inspection of the published leg muscle endurance literature 
(Rohmert Curve [15]), this would suggest that to maintain a muscle contraction for up to 5 
minutes they had to be operating at a moment threshold that was significantly lower than their 
50% MVS [15, 17]. Since we could only find a few published studies on the fatigue behavior of 
the hip muscles, and they were not as reliable as we hoped, we instead used the Rohmert curves 
for the knee joint for young and older subjects in order to estimate the hip abduction %MVS, a 
value we then used to back calculate what their maximum hip abduction strength must have been 
[15, 17]. The equations that were used follow: 
 
𝐸𝐸𝐸𝐸 =  𝑏𝑏0 × (%𝑀𝑀𝑀𝑀𝑀𝑀)𝑏𝑏1 
Equation 2- Power model for knee joint endurance time (ET) where b0 = 19.38, b1 = -1.88 for Young [15] and b0 = 22.04, b1= -









Equation 3- Estimating maximum hip abduction strength from endurance time and the fatigue moment during the endurance time 
test. 
For the “adjusted” maximum hip abduction strength for each subject, we selected the 
larger of the two values between the measured hip abductor MVS and the value of MVS back-
calculated and estimated from the endurance time test. Both measured maximum hip abduction 
strength and adjusted hip abduction strength can be seen in Table 9. 
 Measuring Ankle Inversion / Eversion and Plantarflexion / Dorsiflexion Isometric 
Strengths during One-Legged Stance 
Different methods have been reported for measuring maximum ankle strengths in 
different directions for both sitting [46] and weight-bearing conditions [39]. However, since the 
effective maximum ankle strength during OLB depends on the dimensions of the base of 
support, we used maximum deviations of the center of pressure under the stance shoe multiplied 
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by the weight of each subjects to estimate the effective ankle strengths during OLB. Subjects 
stood on their left foot on a six-axis force plate (Optima HPS, AMTI Massachusetts). Waist-
height safety hand rails were placed on both sides and could be used for balance as needed. 
Subjects lifted one leg, shifted their center of pressure under their stance foot as far lateral 
(inversion) as possible, and lifted their hands from the rails for three seconds. The test was 
repeated three times for the lateral, and then likewise repeated for the medial margin (eversion) 
of the stance foot. Maximum ankle inversion/eversion strength was estimated as the maximum 
one second averaged shift of the center of pressure in lateral/medial direction from the neutral 
position. The same method was used to estimate the ankle plantarflexion/dorsiflexion strength. 
Instead of asking the subjects to move the center of pressure to the lateral and medial margins of 
their stance foot, they were instructed to move it as far as possible towards the toes and backward 
to the heel. 
 Measuring Hip Internal / External Rotation Isometric Strengths 
Isometric hip internal / external rotation strength is usually measured with a flexed knee 
with the subject sitting or lying prone on a bed [59, 60]. However, in both OLB test and the heel-
toe shuffle test, the participants are standing with a straight knee. Additionally, the friction 
between the shoes of the subject and the floor limits how much internal / external rotation 
moment can be exerted by the subject. So in our test we used a functional method for measuring 
the maximum internal / external rotation moment that a subject could exert on the floor as a 
proxy for the maximum effective isometric hip internal / external rotation strength. Subjects 
stood on the force plate on their left foot while grabbing waist-height bilateral safety rails on 
both sides. To measure maximum hip internal / external rotation strength, subjects used the 
safety rails like a steering wheel to rotate themselves CCW / CW while resisting the rotation with 
their stance hip. Subjects progressively increased their effort from rest to maximum over a count 
of three, and maintained their maximum effort for two seconds before relaxing. Each subject 
performed three trials in each direction, and the maximum one second averaged Mz signal from 
the force plate was taken as the internal / external rotation strength.
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Table 9- Effect of age and sex on the mean (SD) measured left leg isometric strength data without normalization (N.m), normalized by Weight (m), and normalized by Weight and 
Height (1). PF: Plantar-Flexion, DF: Dorsi-Flexion, Inv: Inversion, Ev: Eversion, Abd: Abduction, Int Rot: Internal Rotation, Ext Rot: External Rotation. Adjusted Abd refers to 
the adjustments made to the maximum hip abduction strength using the hip fatigue test. 
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3.2.2.2 Motion Capture, Force Plates and Data Recording Setup during OLB Experiments 
(Step 3 in Figure 18) 
Two motion capture cameras (one Optotrak Certus and one Optotrak 3020 from Northern 
Digital Inc.) were connected in series to view a floor area containing two 1000 lbf capacity 
AMTI force plates (one Optima HPS, and one OR-6) embedded into the floor of the lab. The 
volume of view was approximately 1.5 m on a side. The Optima force plate had a pattern of eight 
threaded holes which were used to temporarily fasten a custom calibration jig fixture outfitted 
with infrared (IRED) motion capture markers. By fixing the jig on top of the force plate, we 
reliably aligned the motion capture cameras’ coordinate system with the Optima force plate 
coordinate system and set the center of the top surface of the force plate to be the origin of the 
lab coordinate system. Seven rigid bodies with three to four IRED motion capture markers were 
fixed to each subject: one on each shank and thigh, one on pelvis, one on sternum, and one on the 
head. Additionally, one marker was fixed on the heel of the stance foot shoe, and two more on 
top in the third and fifth metatarsal area. Location of the markers in the lab coordinate system 
were recorded at 90 Hz during the trials. The signals from the force plates were recorded at 500 
Hz. All data were filtered by the “filtfilt” command in MATLAB © with a fifth order low-pass 
filter and cutoff frequency of 20 Hz. 
3.2.2.3 Digitization and Functional Determination of the Hip Joint Centers (Step 3 in Figure 
18) 
  Fifteen bony landmarks were found by palpation and digitized using a NDI manual 
digitizing wand: medial and lateral malleoli on both feet, medial and lateral points on both knees 
determining the axis of rotation (subject was sitting in a chair and asked to extend and flex each 
knee while the tester located the axis by hand), both left and right greater trochanters, both ASIS, 
the point between the two PSIS, and both shoulder acromia. The knee joint was defined as the 
mid-point between the lateral and medial digitized points. The ankle center of rotation in the 
frontal plane was assumed to lie 2 cm distally from the mid-point of the malleoli on a line 
connecting it to the knee joint center [61]. Due to sensitivity of the calculated stance ankle 
torques to the stance ankle joint center, we used an optimization algorithm that searched a 2 cm x 
2 cm x 2 cm cube around the aforementioned point to minimize the magnitude of the mean ankle 
torque during the full duration of the OLB trial. This was based on the clinical observation that 
for a healthy foot, small adjustment at the ankle can be observed by looking at the small tilts of 
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the foot between the lateral and medial margins. This means that the direction of the ankle torque 
should keep changing between inversion and eversion which makes the assumption of zero mean 
ankle torque over the extended period of time plausible. 
To locate the hip joint center on each side, the subject was asked to stand on the 
contralateral leg while holding onto a support chair on that side, while performing a series of five 
gross leg movements: extend the leg at the hip by ~30 degrees and bring it back to neutral, 
abduct the stance leg by ~30 degrees and bring it back, and complete a circumduction of the leg 
with a ~30 degree included angle. We then used the SCORE method to functionally locate the 
center of the hip joint, and to assess the accuracy of our estimation for the hip joint centers [62, 
63]. The RMSE for left hip location during the functional trial was between 2 to 19 mm, with a 
mean value of 5 mm for all subjects. For the right leg this was 2 to 14 mm with a mean of 6 mm. 





3.2.2.4 Determining Subject Specific Mass Distribution (Step 4 in Figure 18) 
To determine the mass distribution for each subject, we 
used a five link model (Figure 19). A total of eight variables are 
required to uniquely determine the mass distribution in this model: 
• m1: mass of shank and foot on each side as a percentage of 
whole body mass. 
• m2: mass of thigh on each side as a percentage of whole 
body mass. 
• m3: mass of pelvis, trunk, arms, and head as a percentage of 
whole body mass. 
• r1: location of m1 on a line connecting the ankle to the knee 
as a percentage of the length of the aforementioned line. 
• r2: location of m2 on a line connecting the knee to the hip 
joint center as a percentage of the length of the 
aforementioned line. 
• r3: location of m3 on a line connecting mid-point between 
the two hip joint centers to the mid-point between the two 
shoulder acromia as a percentage of the length of the 
aforementioned line. 
• rx, ry: location of m3 on a plane perpendicular to the line 
connecting mid-point between the two hip joint centers to 
the mid-point between the two shoulder acromia at the r3 location, given as a percentage 
of the aforementioned line length. 
To create the data for the optimization algorithm that determined the value of the above eight 
variables, each subject performed a series of movements as slowly as possible while both force 
plate and motion capture data were being recorded: the subject started in a neutral stance defined 
as standing on both feet with arms crossed. Then (s)he slowly shifted her/his weight to the left 
leg until the right leg lifts off the floor and then returned to neutral. Then the movements were 
repeated, this time shifting the weight onto the right leg. Next, the subject lifted their left leg by 
bending the left knee to 90 degrees and externally rotating the left hip to 45 degrees. After this 
 
Figure 19- A five link model was 
used to determine the mass 
distribution for each subject: one 
link per shank and foot (m1), one 
link per thigh (m2) and one link for 
the pelvis, trunk, arms, and head. 
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they returned to neutral and repeated the procedure for the other leg. Finally, while keeping the 
arms crossed and close to chest and the back straight, the subject slowly squatted until their 
knees were about 90 degree flexed after which they slowly returned to neutral. All the above 
movements were performed while the subject’s feet rested on the force plate inside its perimeter. 
 We used Zatsiorsky’s zero-point-to-zero-point integration method to find the location of 
the center of gravity from the force plate recordings in the trial described in the last paragraph 
[64]. Briefly, this method is based on the fact that the only source of horizontal force on the body 
of the person during the trial comes from the contact of the feet with the force plate. We can then 
calculate the horizontal acceleration of the center of mass of the body from the force plate 
recordings using Newton’s second law (Force = Body Mass x COM Acceleration). Assuming the 
center of pressure and center of gravity coincide when the shear force is zero, we can then double 
integrate the acceleration to find the time series describing the location of whole body center of 
gravity. 
 To find the value of the 
described eight variables for each 
subject, we used a Newtonian 
descent optimization algorithm 
(interior-point, fmincon function 
in MATLAB ©) that minimized 
the root mean square error 
between the COG calculated from 
the force plate and that calculated 
using the five link model. The 
initial value for the eight 
parameters were calculated from 
the literature [65]. To validate our 
COM calculations, we calculated 
the root mean square error 
between the COG from the force 
plate and the mass-link model 
 
Figure 20- COG calculated from the force plate and the kinematics of the 
mass-link model derived from motion capture recordings for a single subject 
during eyes open OLB trial. The root mean square error between the two 
methods for all subjects ranged from 1.5 mm to 14 mm with a mean value of 5 
mm. 
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during the eyes open OLB trial (Figure 20). The root mean square error between the two 
methods for all subjects ranged from 1.5 mm to 14 mm with a mean value of 5 mm. 
3.2.2.5 Heel-Toe Shuffle Experiment (Step 5 in Figure 18) 
A full description of this experiment and its results are presented in the next chapter 
where we examine how movements of the stance foot can affect the angular momentum of the 
whole body during OLB. 
3.2.2.6 One-Legged Balance Experiment (Step 6 in Figure 18) 
All OLB tests were performed on the left leg which allowed the lab motion capture setup 
to reliably track all kinematic markers during the trial. All but five of the subjects wore New 
Balance 411 walking shoes provided by the Biomechanics Research Lab. The exceptions were 
for the participants whose shoes size was not available in the lab on the day of testing. Before the 
testing started, each subject received the same instructions: try to keep your back straight and 
arms crossed at all times. The right leg should not touch any point on the left leg as for example 
with thighs or knees pressing against each other. The right foot should not lean against the left 
leg, as in the yoga “tree pose”, or against the left foot and ankle. Movements of the stance foot 
were allowed as long as the foot stayed entirely within the bounds of the force plate. If the right 
foot touched the ground, or the subject maximally bent their trunk in the lateral or anterior 
direction, the test was halted. Subjects were given clear instructions regarding these rules and 
were continuously monitored for compliance. Any violation led the trial being halted.  
Each subject started the experiment in their neutral bipedal stance: feet were shoulder 
width apart, one on each force plate. After the start of the data recording, the subject was 
instructed to stand on their left leg. The first two trials were warm-ups; the subject was then 
instructed to go back to their neutral bipedal stance after a successful transition to one leg. On the 
third trial, the subject was instructed to stand on their left leg for as long as possible. The tester 
stopped recording data at the four minute mark or upon failure to stand on one leg under the 
conditions described in the previous paragraph. Each subject performed the three OLB trials both 
with eyes open and with eyes closed. Since OLB with eyes closed is more dynamic than OLB 
with eyes open, and our hypotheses are concerned with the strength requirements of quasistatic 
OLB, in this chapter, we will only examine the data for the eyes open trials.  
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3.2.3 Calculating the States, Moments, and Parameters of the Double Inverted Pendulum 
Model for the OLB Experiment 
3.2.3.1 Definition and Calculation of Kinematic Parameters from Motion Capture Marker 
Data 
Below is a list of the important variables that are used to describe the state of the double 
inverted pendulum model for each subject, or used in the inverse dynamics calculations for 
calculating the ankle and hip moments during the OLB experiment. 
Note: The origin of the lab coordinate system was set at the geometric center of the top surface 
of the force plate on which the subject stood during the OLB experiment. The z-axis (0, 0, 1) is 
the vertical direction increasing with the height from the floor. The subject stood on the force 
plate such that their frontal plane was aligned with the xz-plane, and the sagittal plane with the 
yz-plane.  
 
Height: The height of the subject was measured without shoes in Step 1. 
Body Mass: The weight of the subject measured while standing still for 10 s on the force plate, 
divided by the gravity constant (9.819). 
M0: The mass of the left foot, found from the regression formula in Clauser [66]. 
Location of M0: M0 was considered to be at the same location as the stance foot ankle. 
M1: The mass of the stance leg calculated as (m1 + m2) x Body Mass - M0 (Figure 6). m1 and m2 
are the percentage body mass of the shank + foot and thigh, respectively, as calculated for each 
subject in 3.2.2.4. 
Location of M1 during the OLB Experiments: We assumed that M1 lies on a line connecting the 
left ankle to the left hip (Figure 6). To calculate the location of M1 from the mass-link model in 
3.2.2.4, the center of mass of the stance leg (m1 + m2) was calculated and projected onto the line 
connecting the left ankle and hip joints in the kinematic data. 
l: The distance between the left ankle and M1 in the lab xz-plane, averaged during the OLB 
experiment with eyes open (Figure 6). 
I1: The subject-specific mass moment of inertia for the stance leg around its center of mass, 
based on the anthropometric measurements in Step 1 and using regression formulae in the 
literature [67, 68] 
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M2: The mass of the head, arms, trunk, pelvis, and the non-stance leg calculated as (m1 + m2 + 
m3) x Body Mass (Figure 6). m1, m2, and m3 were calculated for each subject in 3.2.2.4. 
Location of M2 during the OLB Experiments: In the motion capture kinematic recordings, we 
derived the location of M2 as the center of mass of the right leg m1 and m2, and m3 from the 
mass-link model in 3.2.2.4. 
r: The distance between the left hip joint center and M2 in the lab xz-plane, averaged during the 
OLB experiment with eyes open (Figure 6). 
I2: The mass moment of inertia M2 around its center of mass, calculated for each person based on 
the anthropometric measurements in Step 1 and using regression formulae in the literature [67, 
68] 
h: The distance between the left ankle and hip joint center in the lab xz-plane, averaged during 
the OLB experiment with eyes open (Figure 6). 
Pelvic Inclination Angle: The angle between the Left ASIS-Right ASIS line with the horizon (-
1, 0, 0) in the lab xz-plane minus the average of the same angle during a 10 s quiet bipedal 
standing trial.  
θ1: The angle between the vertical (0, 0, 1) and the Left Ankle- Left Hip line in the lab xz-plane 
(Figure 7). 
θ2 (hip abduction angle): The angle between Left Hip-Left Knee line and the Horizon (-1, 0, 0) 
in the lab xz-plane + Pelvic Inclination Angle (Figure 7). 
γ: The angle between Horizon (-1, 0, 0) and the Left Hip-M2 line the lab xz-plane (Figure 7). 
α: The angle between Left ASIS-Right ASIS line and Left Hip-M2 line in the xz-plane (Figure 
7). 
Lateral Bending of the ‘Trunk’4: The angle between Mid Hip-Mid Acromia line and Left ASIS-
Right ASIS line in the xz-plane minus the average of the same angle during a 10 s quiet bipedal 
standing trial. 
Contralateral Hip Abduction Angle: The angle between the Right ASIS-Left ASIS line and the 
Right Hip-Right Knee line in the xz-plane 
                                                 
4 Since this technically is a line extending between approximately T3 and S4, we have termed this the 
‘trunk’ rather than the thoracolumbar spine. 
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3.2.3.2 Numerical Calculation of Derivatives in the States’ Time-Series 
We needed to calculate the first and second derivatives of the states (θ1, γ) as inputs to the 
inverse dynamics algorithm for calculating ankle and hip moments during OLB experiments 
(please see Appendix I). After a survey of literature, and experimenting with our data, we 
decided that fitting a quintic smoothing spline to the states and calculating the derivatives from 
the spline was best suited for our data and calculations [69]. Doing so ensured continuous second 
derivatives. We used the “spaps” command in MATLAB © to fit the splines to the states which 
were in radians, and set the tolerance at 0.5 degree, also in radians (tolerance = 0.5 π / 180). 
 
3.2.3.3 Simple Theoretical Calculation of Hip Abduction Moment 
Demand during OLB 
We can estimate the hip abduction moment demand for 
quasistatic OLB, if we make three simplifying assumptions: 
1- The body mass is distributed symmetrically about the 
sagittal plane. 
2- The pelvis is kept close to a level inclination angle. 
3- The non-stance ankle is kept in the same vertical plane as 
the hip joint center on the same side. 
In case the above three assumptions hold, we can simply calculate 
the hip abduction moment demand by writing the static equilibrium 
moment around the stance hip joint center. 
𝐸𝐸𝐴𝐴𝑏𝑏𝐴𝐴 = 𝑀𝑀𝐻𝐻𝐴𝐴𝐸𝐸𝑔𝑔 × 𝑎𝑎 + 𝑀𝑀𝐿𝐿𝐹𝐹𝐹𝐹𝑔𝑔 × 2𝑎𝑎 = �𝑀𝑀𝐻𝐻𝐴𝐴𝐸𝐸 + 2𝑀𝑀𝐿𝐿𝐹𝐹𝐹𝐹�𝑔𝑔 × 𝑎𝑎 =
𝑊𝑊𝑇𝑇𝑡𝑡𝑔𝑔ℎ𝑡𝑡 × 𝑎𝑎  
 where ‘MHAT’ is the mass of the head, arms, trunk and the pelvis, 
‘MLeg’ is the mass of each leg, and ‘a’ is half the inter-acetabular 
distance. This formula for the hip abduction moment demand 
during OLB was first presented by Inman in 1947 [24]. Charnley 
and McLeish experimentally showed that this formula is correct, 
however it was found to be very sensitive to the lateral bending of 
the trunk, pelvis inclination angle, and the contralateral hip 
 
Figure 21- Assuming the body 
mass to be distributed 
symmetrically around the sagittal 
plane, the non-stance ankle is in 
the same vertical plane as the hip 
on the same side, and the pelvis is 
kept at a level inclination angle, 
the hip abduction moment demand 
(TAbd) during quasistatic OLB can 
be estimated as the total body 
weight times half the inter-
acetabular distance. Please see 
text for the calculations. 
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abduction angle [25]. We will use this value to normalize the mean hip abduction moment 
demand calculated by using the inverse dynamics equations of the double inverted pendulum 
model of each subject. 
3.2.3.4 Calculating the Ankle and Hip Abduction Moments during the OLB Experiment 
Inverse Dynamics Equation 1 to Inverse Dynamics Equation 6 in Appendix I fully 
describe the dynamics of the double inverted pendulum model with the assumption that the 
movements of the stance foot are negligible. Since we calculated the mean values for the inertial 
and anthropometric parameters of the model in 3.2.3.1 and calculating the derivatives of the 
states in 3.2.3.2, we can replace them in the Inverse Dynamics Equations to calculate ankle and 
hip abduction moments. We used a weighted least squares method for the inverse dynamic 
analysis described in [70]. 
3.2.3.5 Calculating the Intensity of Hip Abduction Moment at any Instant during the OLB 
Experiment 
In the previous section we showed how we used inverse dynamics equations for the 
double inverted pendulum model to calculate the hip abduction moment demand during OLB 
experiments. The intensity of the hip abduction moment demand is defined as the hip moment 
demand divided by the maximum available isometric hip abduction strength. But force-length 
characteristics of the muscles surrounding the hip joint makes the maximum isometric strength a 
function of the hip abduction angle [41]. So we used the same method as A4 in 2.2.1.1 to account 
for the change in maximum isometric hip abduction strength with the hip abduction angle. To 
then calculate the intensity of the hip abduction moment demand, we divided the hip abduction 
moment demand by the maximum isometric strength at any time point and therefore derived a 
time-series for the intensity of the hip abduction moment demand. We repeated this process for 
the adjusted maximum hip abduction moment calculated using the endurance time test. For more 
details please refer to 3.2.2.1. 
3.2.4 Feature Extraction from Time-Series Data for Each Subject during OLB Experiment 
After processing the force plate and motion capture data recordings into meaningful 
variables described in 3.2.3, we obtain a time-series for each of them. For example, for three 
minutes of OLB, we have a time-series for the hip abduction moment consisting of 3 min x 60 
s/min x 90 Hz = 16,200 data points. Since OLB is a mostly quasistatic experiment, we can 
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extract most of the meaningful information out of each time-series by just a few parameters. In 
order to do so we first ensured that we are extracting the correct information from each time-
series by making a few considerations described in the next two sections. 
3.2.4.1 Dealing with Missing Motion Capture Marker Data 
In some instances, a glitch in the wire connections to the motion capture markers, or a 
temporary occlusion of the path of the motion capture cameras to the markers causes the system 
to purposely classify them as “missing”. So we used a shape-preserving piecewise cubic 
interpolation (“resample” command in MATLAB © with “pchip” method) to fill in the missing 
data, while keeping track of the time points where one of the critical markers (i.e., pelvis, stance 
leg, or chest markers) were missing. This method works efficiently when only a few consecutive 
time points are missing, but big gaps in the data may result in erroneous calculations. So we 
created a tag for any time slot where any of the critical markers were missing for more than 15 
consecutive time points (160 ms). To maintain rigor, the time slots with the “Missing” tag were 
removed from the analyses. 
3.2.4.2 Alignment of the Participant’s Frontal Plane with the Lab xz-Plane 
In all our analyses we assumed the OLB to be mostly contained in the frontal plane. We 
also assumed that the frontal plane of the participant and the xz-plane in the lab are aligned. We 
can make these assumption because all participants performed the OLB experiment facing the 
same direction, and they mostly stayed in the same orientation throughout the experiment. 
However, certain events like shuffling of the stance foot or rotation of the upper body by internal 
/ external rotation around the stance hip could render our estimation of different states incorrect. 
This would then bias the ankle and especially hip moment calculations as well. To account for 
this uncommon event, we passed a vertical plane through the left and right hip joint centers along 
with the stance leg’s ankle and knee using the least squares method. By keeping track of the 
change of angle between this vertical plane and the xz-plane, we identified time slots were the 
assumptions at the beginning of this paragraph did not hold anymore (more than 5 degree 
deviation from the baseline) and tagged them as ‘misalignments’. To maintain rigor, the time 
slots with the “Misalignment” tag were removed from the analyses. 
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3.2.4.3 Trimmed Mean and Slope of Variables during OLB Experiments 
Once we remove the time points with “Missing” and “Misalignment” tags, we can see 
that most of the time-series of the different calculated variables consists of a main linear trend 
with a small slope with variations around the linear trend (Figure 24). This is because OLB for 
healthy people is mostly a quasistatic balancing task which does not involve sudden changes in 
body posture. For the variables that are important for calculating the hip abduction moment, we 
extracted the linear trend (trimmed mean and slope) along with the root mean square error for the 
deviation from the linear trend. We did so because one of our main hypotheses for this chapter 
concerns the hip abduction moment during OLB. These variables included: hip abduction 
moment and intensity, pelvis inclination angle, hip abduction angle (θ2), γ, lateral bending of the 
trunk, and the contralateral hip abduction angle. 
Trimmed Mean (“trimmean” function in MATLAB © with 20% cut): The mean of the time-
series excluding the ten percent of the highest and lowest data values. The trimmed mean has the 
advantage of being more robust to transitory outlier values than regular mean. 
3.2.5 Plotting Subject Specific Feasible Balance Region and Trajectory of the OLB States 
In Chapter 2, we introduced the concept of FBR and showed how its boundaries are 
defined by the anthropometry and the capacities of the lower extremities. In this chapter, we 
have extracted the anthropometric parameters (M1, M2, r, l, and h) in addition to measuring the 
left leg ankle and hip isomeric strengths for each subject. We also ensured that all subjects had 
normal range of motion in their hip and ankle in all direction. Therefore, we can draw the FBR 
for each subject and calculate the Length, Width, and Area of the FBR for them. Besides, since 
we have the time-series of the states describing the orientation of the double inverted pendulum 
model (θ1, θ2), we can now draw the trajectories of the states on the same plot as the FBR. While 
FBR assumes the states are quasistatic, we will relax this restriction in our demonstrations and 
calculate the percentage of time the states stayed within the boundaries of the calculated FBR 
during the eyes open OLB experiment. This will not introduce a substantial error because OLB 
with eyes open is mostly a quasistatic task. 
3.2.6 Statistical Analyses 
All statistical analyses were performed with R version 3.6.0. The kinematic and inverse 
dynamic calculations were performed with MATLAB © version R2018b. Plots were made with 
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MATLAB and the ggplot2 package in R. All between-group comparisons between age group and 
sex were performed using two-way ANOVA in R. Regression lines were fitted to the time-series 
data for each participant using MATLAB. Linear regressions analyses were performed in R to 
explore the relationship between UST as the dependent variable, and normalized strength data, 
weight, height, and FBR area as the predictors. AIC and improvements to R2 were used to pick 





All the results presented here are from the maximum unipedal stance time experiment, 
which was performed with crossed arms and open eyes. 
3.3.1 Maximum Measured Unipedal Stance Times (UST) 
Nine out of 10 women and 6 out 
of 10 men in the young group, 0 out of 
10 women and 1 out of 8 men in the old 
group stood on one leg with eyes open 
for four minutes, i.e. max length of the 
trial. Figure 22 shows the boxplot of the 
UST for men and women in our young 
and older groups. UST was significantly 
different between the young and older 
groups (p < 0.0001). Age Category, as 
the predictor of the linear regression 
model, accounted for 57% of the 
variations in UST (R2 = 0.57). Amongst 
the measured normalized lower 
extremity strengths (please see Table 9 
for a full list), weight, height, and FBR 
Area, we explored single variable or 
multiple variables as the predictors for 
the linear model with UST as the 
dependent variable. None performed better than age category or age (numeric) based on both 
improvements in R2 and AIC. Also, none significantly improved the predictions of the linear 
model with age category or age variable. Even when we only considered the UST for older 
participants, so that we do not have so many outcome variables that are censored from the top, 
age category and age still outperformed all the other aforementioned predictors in terms of 
adjusted R2 value and Akaike Information Criterion. 
 
Figure 22- Unipedal Stance Time (UST) boxplot for men and women 
in the young and older groups. 9 out of 10 women and 6 out of 10 men 
in the young group stood on one leg for four minutes (maximum length 
of the trial). Only one subject in the old category reached 4 minutes. 
The black line in the middle of each box is the group median. In this 
and any following boxplots, the lower and upper hinges correspond to 
the first and third quartiles (the 25th and 75th percentiles). The 
whisker extends from the hinge to the largest and smallest value no 
further than 1.5 times the interquartile range. The data beyond the end 
of the whiskers are plotted individually. 
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3.3.2 Predicted Feasible Balance Region based on Subject-Specific Parameters 
Figure 23 shows the FBR and the trajectory of OLB states for four different participants. 
It should be noted that FBR was only derived for quasistatic states (please see 2.2.1), and the full 
states of the OLB include (?̇?𝛥1, ?̇?𝛥2) in addition to (𝛥𝛥1, 𝛥𝛥2). However, since our participants spent 
most of their OLB time in a quasistatic posture, we can see that the boundaries of the FBR are 
still successfully containing the OLB states in these four subjects.  
 
Figure 23- FBR (regions within the green border) and trajectory of the states of the double inverted pendulum model (cloud of 
pink points) for four different subjects during their OLB trial with eyes open. Opacity of the pink cloud points are related to the 
frequency of the states where the more transparent points indicate less frequency of occurrence. The blue lines indicate locus 
of states where the required abduction moment is equal to a constant percentage of the maximum adjusted hip abduction 
moments for each participant (3.2.2.1). For more details on how FBR is drawn and how each capacity constricts the length and 
width of the FBR, please refer to Figure 9. S11, S21, S26, and S40 are an older woman, young man, young woman, and an older 
man respectively. 
Table 10 quantifies the FBR dimensions for our cohort of subjects and shows the 
efficiency of the FBR in predicting a boundary for the OLB states of the subjects. We can see 
that while the functional base of support boundaries are mostly successful in containing OLB 
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states (both quasistatic and dynamic), the maximum hip abduction strength boundary does not 
seem to perform as well. In the Discussion we will explore the reasons why this can happen. 
Table 10- Predicted Feasible Balance Region (FBR) dimensions and success of its boundaries in containing the OLB states for 
healthy young and healthy older adults in our OLB experiment. The FBR Length, Width, and Area from our cohort of subjects can 
be compared with those from Chapter 2 which were derived for the anthropometry of a 50th percentile man with strengths extracted 
from the literature (please see 2.2.1.1 for more details). The entries inside the parentheses in this Table and all the following 
indicate the group standard deviation. The three right columns indicate what percentage of the OLB trial each subject spent within 
different boundaries of the his/her own FBR: “States inside FBR” includes all the boundaries, “States inside FBOS” includes the 
bounds set by the functional base of support (i.e. the two long parallel FBR boundary lines in Figure 23), and “States inside Hip 
Strength” includes the boundary set by the maximum hip abduction strength. OLB states for 4 out of 10 women in the older group 
and 1 out of 8 men in the young group were completely below the maximum hip abduction strength line in the FBR. In the  
Discussion we will explore the possible reasons for this observation. 
Group 











States inside Hip 
Strength (%) 
HY 
Men 168 (25) 46 (5) 3.6 (0.4) 80 (37) 86 (25) 88 (34) 
Women 162 (32) 45 (5) 3.6 (0.5) 100 (1) 100 (1) 100 (0) 
HO 
Men 128 (33) 39 (9) 3.2 (0.2) 97 (3) 98 (2) 99 (2) 
Women 90 (52) 26 (15) 3.5 (0.6) 56 (49) 94 (9) 60 (51) 
Group Predicted FBR based on literature values (Chapter 2)       
HY 
Men 122 44 3       
Women 121 44 3       
HO 
Men 110 44 3       




3.3.3 Primary Outcome Measure: Estimated Hip Abduction Moment Demand and Intensity 
during OLB Experiment 
Figure 24 shows the 
estimated hip abduction moment 
demand and its intensity during the 
eyes open OLB trial for one of our 
participants. This was elected as a 
good representation of all subjects 
who stood for more than 20 seconds. 
We can see that while there are small 
variations in both the moment and 
intensity values, the general trend 
can be captured by a single line 
(please see 3.2.4.3 for more 
information on our feature extraction 
method for time-series). The 
trimmed mean value without 20% of 
the outliers, the slope of the trend 
line, and the root mean square of 
error between the trend line and the 
data were extracted from both time-
series for each subject. Table 11 
shows the descriptive statistics for 
the above extracted variables for all our subjects divided by age and sex categories. We can see 
that both the intensity of the hip abduction moment demand and RMSE of the data with the trend 
line was significantly higher in the older group. This difference is mostly driven by the 
difference in maximum voluntary hip abduction strength between young and older adults. We 
can also see that the slope of the changes in intensity was not significantly different from zero. 
This indicates that even for the long OLB trials, our participants were not doing anything to 
alleviate the high hip abduction moment intensity. 
 
 
Figure 24- Sample time-series for hip abduction moment (top) and 
intensity of hip abduction moment demand (bottom) during OLB trial for 
subject S11. The red line in both plots is the linear model fitted to the time-
series to capture the general trend of change over time. The trimmed mean 
value without 20% of the outliers, the slope of the trend line, and the root 
mean square of error between the trend line and the data were extracted 
from both time-series for each subject (please see 3.2.4.3 for more 
information on our feature extraction method for time-series). 
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Table 11- Descriptive statistics for the time-series of calculated hip abduction moment demand (normalized by weight and half the 
inter-acetabular distance), and intensity of the hip abduction moment demand (% of adjusted maximum voluntary hip abduction 
strength) during the eyes open trial for all subjects. The bolded entries are the mean values for the main outcome measure. For 
detailed description of Mean, Slope and RMSE please refer to Figure 24 and 3.2.4.3. The inter-acetabular distance was measured 
here by calculating the horizontal distance between the two hip joint centers (which were found functionally from motion capture 
data, please see 3.2.2.3) while the subject was quietly standing on both legs. Mean intensity of the hip abduction moment demand 
during OLB is defined as the mean ratio of the hip abduction moment and the maximum available voluntary hip abduction strength. 
The difference in maximum voluntary hip abduction strength drives the highly significant age group difference in the calculated 
Mean and RMSE for Intensity. For a review of the adjustment to the maximum voluntary hip abduction strength please refer to 
3.2.2.1. We can also see that the slopes of the hip abduction demand and its intensity are not significantly different from zero. This 
indicates that even for the long OLB trials, our participants were not alleviating the high hip abduction moment intensity. 
  
Young (20-30 yrs) Older (65-80 yrs) 
p-value Men 
(n = 8) 
Women 
(n = 10) 
Men 
(n = 7) 
Women 

































Calculated Intensity of 
Hip Abduction Moment 
Demand 
(% Adjusted Voluntary 
Hip Abduction Strength) 
Mean (%) 53 (19.7) 
55 






(0.7) -1.6 (9.3) -2.1 (9.1) N.S. 
RMSE (%) 2.5 (1.5) 1.9 (0.9) 3.6 (1.6) 3.7 (1.1) 0.001¹ 
¹Age main group effect 
²Sex main group effect 




3.3.4 Measured Kinematic Changes: Pelvic Inclination Angle and Lateral Bending of the 
Lumbar Trunk 
Both pelvic inclination angle and lateral bending of the trunk are related to how each 
participant chose to stand on one leg. This in turn affects the mean hip abduction moment 
demand during OLB. Lateral bending of the trunk is particularly important to track during the 
trial since the effect of changes to it during the OLB trial cannot be fully captured by our inverse 
dynamics calculations. This is due to the rigid body assumption for the head, arms and trunk. In 
Table 12 we can confirm that the changes in these two kinematic parameters in the course of the 
OLB trial are not substantial. 
Table 12- Descriptive statistics for the trend line passing through the time-series of “Pelvic Inclination Angle” and “Lateral 
Bending of the Trunk” during the eyes open trial for all subjects with UST > 20 s. UST > 20 s was chosen to include only the 
participant who stood on one leg long enough to feel the effects of muscle fatigue. “Initial Angle” refers to the intercept, Δ is the 
total change in the trend line value over the full OLB trial (please refer to Figure 24 for demonstration), and RMSE is the root 
mean square error between the time-series and the trend line. While we see that men in our cohort of participant started the trial 
at a slightly more raised pelvic inclination angle, the mean initial pelvis inclination angle is not different than level in a meaningful 
way ([1.5, 5.4 deg] Men and [-1.2, 2.2 deg] Women, 95% Mean Confidence Interval). Also, all four groups slightly dropped their 
pelvis inclination angle on average for the duration of the OLB trial ([-3.4, -1.5 deg], 95% Mean Confidence Interval). Mean 
lateral bending of the trunk at the start of the OLB trial was slightly bigger than zero for the Young subjects ([2.0, 4.9 deg] Young 
and [-0.8, 2.7 deg] Older Subjects, 95% Mean Confidence Interval). In addition, on average all groups laterally bent their trunk 
further in the duration of the OLB trial ([1.5, 3.5 deg], 95% Mean Confidence Interval). 
  
Young (20-30 yrs) Older (65-80 yrs) 
p-value Men 
(n = 8) 
Women 
(n = 10) 
Men 
(n = 5) 
Women 





Angle 2.8 (3.9) -0.6 (3.4) 4.4 (2.1) 2.2 (3.2) 0.03² 
Δ -1.9 (1.9) -2.9 (2.5) -2.4 (4.5) -2.4 (1.6) N.S. 
RMSE 0.9 (0.4) 0.8 (0.6) 0.6 (0.2) 0.6 (0.2) - 
Measured Lateral 
Bending of the 
Trunk (deg) 
Initial 
Angle 2.6 (3.8) 4.1 (2.5) 0.7 (2.2) 1.1 (3.0) 0.03¹ 
Δ 2.2 (2.2) 3.2 (2.3) 3.2 (4.4) 1.4 (2.2) N.S. 
RMSE 0.9 (0.5) 0.7 (0.4) 0.5 (0.2) 0.5 (0.1) - 
¹Age main group effect 
²Sex main group effect 
³Age:Sex group interaction 
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3.3.5 Relationship between Hip Abductor Muscle Endurance Times and UST 
 
Figure 25- Measured Unipedal Stance Time (UST) vs. measured 
endurance time at half of each subject’s measured maximum 
voluntary hip abduction strength. If subjects were using more 
than 50% of their maximum hip abduction muscle strength 
during OLB trial, then we would expect all the points to fall 
below the diagonal line with zero intercept and slope equal to 
one. 
 
Figure 26- Measured UST vs. anticipated max UST based on the 
calculated intensity of the hip abduction moment demand for 
each subject and the isometric exertion endurance time model 
parameters for knee and trunk [15, 17]. Knee and trunk fatigue 
models were used because there are not enough endurance time 
studies for the hip abductor muscles in the literature. If all the 
hip abduction moment demand was coming from the hip 
abductor muscles, then the fatiguing of these muscles would have 
to keep the points below the diagonal line with zero intercept and 
slope equal to one. 
Figure 25 compares the UST with the measured fatigue time at 50% of the maximum 
voluntary hip abduction strength. We can clearly see that all of the young participants and four of 
the older participants had a longer UST that their own fatigue time. This means they were using 
less than 50% of their maximum voluntary strength to stand on one leg. In Figure 26, we used 
the published endurance time curves for knee and trunk and the estimated subject specific 
intensity of the hip abduction moment demand during their OLB to estimate the maximum UST 
that was possible before fatiguing their abductor muscles [15, 17]. Again we can see that most of 
the subjects stood on one leg for much longer than either of the predicted fatigue times using the 




One-legged balance (OLB) is one of the most commonly used clinical tests of balance. 
Maximum unipedal stance time (UST) is the primary outcome measure for this clinical test. 
Given the large hip abduction moment demand of OLB, we hypothesized that quasistatic OLB 
states have to be contained in a feasible balance region whose boundaries are defined by the 
maximum hip abduction strength and ankle inversion/eversion strengths. Also we hypothesized 
that the UST is limited from above by the fatiguing in the hip abductor muscles most importantly 
the gluteus medius, gluteus minimus, and the tensor fasciae latae.  
To our knowledge this is the first study of OLB where the intensity of the hip abduction 
moment demand as a percentage of maximum voluntary hip strength has been quantified 
experimentally. We confirmed that on average, the calculated abduction intensity was over 50% 
for both young and older adults. We therefore reject the hypothesis (H1 in the Introduction) that 
all quasistatic OLB states stay contained within the boundaries of the FBR defined by maximum 
hip abduction strength and ankle inversion and eversion strengths. This result was surprising 
because we assumed during OLB subjects hip adduction angle was not close to the end of range 
of motion and therefore only the abductor muscles could counter the OLB hip abduction moment 
demand due to gravity.  
Our second hypothesis (H2 Introduction) was also rejected. Neither the measured 
endurance time of the hip abductor muscles at half of the measured maximum hip abduction 
strength nor the predicted hip abduction endurance time from the intensity of the hip abduction 
moment demand predicted an upper limit for the UST. How could the subjects (especially the 
young adults) stand for four minutes when both measures of endurance suggest they should have 
UST less than 2 minutes? This result could be explained by an underappreciated load sharing 
mechanism involving the iliotibial band, namely the iliotibial mechanism. In the remainder of the 
discussion we will first examine all the evidence pointing to the substantial role of the iliotibial 
mechanism that helps the abductor muscles in resisting the hip abduction moment demand of 
OLB. Then we try to estimate its contribution to resisting the OLB hip abduction moment 
demand. Subsequently, we will examine how accepting the role of such load sharing mechanism 
changes our description of the FBR and its utility in explaining the OLB posture of patients with 
severe hip abduction weakness. Finally, we will examine a possible reason why maximum 
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voluntary hip abduction strength is important in avoiding a lateral fall during OLB despite the 
existence of the load sharing mechanism. 
3.4.1 Evidence for the Existence of a Load Sharing Mechanism between Hip Abductor 
Muscles and an Iliotibial Band during Quasistatic OLB 
In this chapter, we have shown two distinct pieces of evidence that point to the existence 
of a load sharing mechanism between the hip abductor muscles (mainly gluteus medius, gluteus 
minimus and tensor fasciae latae), the iliotibial band (namely the iliotibial mechanism or ITM), 
and other passive tissues around the hip during OLB. In what follows, we will discuss the 
evidence and then briefly go over other examples from the literature. Examining all the evidence, 
we can conclude that even during OLB with a level pelvis, the hip abduction moment demand is 
being shared between the abductor muscles and most probably the ITM. Dropping the pelvic 
inclination angle will increase the ITM share of the load, whereas raising it will decrease it and 
put more load on the abductor muscles. 
3.4.1.1 Ineffectiveness of the Maximum Hip Abduction Strength Boundary of FBR in 
Containing the OLB States 
In Table 10 we showed that the maximum hip abduction strength constraint was violated 
for some of the OLB states of our participants, especially the women in the older group. In fact 
four out of ten women in the older group spent the entirety of their OLB time (UST > 59 s for 
three of them) well outside the maximum hip strength boundary. This implies that the hip 
abduction moment demand for their OLB was more than their maximum hip abduction strength. 
In other words the intensity of the hip abduction moment demand was more than 100%! Of 
course, this could be due to an underestimation of their maximum hip abduction strength, or 
errors in the calculation of the hip abduction moment demand. In terms of an underestimation of 
the hip abduction strength, it should be noted that we have already adjusted the measured 
maximum hip abduction strengths to an equal or higher value by using the endurance time model 
predictions found in the literature for young and older adults [15, 17] (please see 3.2.2.1 for 
details of this adjustment). In Appendix III we quantified the sensitivity of our estimation for 
intensity to different potential sources of bias in our measurements, including an underestimation 
of the maximum hip abduction strength. Still, even the most conservative estimations of an 
upward bias for our estimates of intensity will barely place the OLB states for the 
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aforementioned subjects inside the maximum hip abduction strength boundary of their FBR 
(similar to subject S11 in Figure 23). 
3.4.1.2 Measured Unipedal Stance Times (UST) are longer than Measured and Predicted 
Endurance Times for Most Participants 
In Chapter 2 we predicted the intensity of the hip abduction moment demand during OLB 
based on a double inverted pendulum model with anthropometry and lower extremity capacity 
data from literature. We showed that even for the younger adults, the mean intensity of the 
demand for standing with a level pelvic inclination angle was on average over 50% of the 
reported maximum hip abduction strengths (please see 2.3.5 for more details). We used this 
information in designing our OLB experiment procedures; after measuring the maximum hip 
abduction strength for each subject, we also measured their endurance time (ET) at close to half 
of their maximum voluntary strength (ET at 50% MVS). If our subjects were indeed using over 
50% of their maximum strength to stand on one leg, then a plot of UST vs. ET at 50% MVS 
should have all the points below a diagonal line with slope equal to one and intercept equal to 
zero. This was not the case at all (Figure 25). All the young subjects and four of the older 
subjects stayed above the line. So we can safely conclude that those participants were using less 
than 50% of their real abduction MVS to stand on one leg. Indeed, our estimations showed that 
some of participants were at or below 50% MVS during their OLB trial. But the mean calculated 
intensity for the young subjects was over 50% (please see Table 11). In addition, using the 
estimated %MVS for each subject, we calculated the endurance time for them using the knee and 
trunk fatigue parameters in the literature [15, 17]. Figure 26 shows the UST vs. the predicted 
endurance time using both knee and trunk fatigue parameters. We can still see that most of the 
subjects’ UST exceed their predicted endurance time based on their estimated %MVS. This 
could be due to four reasons that we will address in the remainder of this section. 
1) Could there be a systematic bias in measurements of the parameters that leads to an 
overestimation of the intensity of hip abduction moment? 
We think not.  In Appendix III we compared our measurements of maximum voluntary 
hip abduction strength (MVS) and the mass of the body balancing over the stance leg as a 
percent of total body weight (m2) with those from the literature and showed that our estimates are 
not biased compared to them. We also quantified the errors that we could have in determining 
the moment arm of m2 and considered all the error to act as a bias contributing to an exaggerated 
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estimation of the intensity. We then showed that with even the most conservative (and 
unrealistic) way of accounting for these hypothetical biases, the mean calculated intensity for the 
young men and women would reduce from 53 and 55% to 38 and 45% respectively. Even at 38% 
of “allegedly unbiased” intensity the endurance time model for the knee and trunk would 
anticipate a maximum UST no longer than 120 s and 204 s respectively. Given that the subjects 
who were stopped at the four minute trial could still continue standing on one leg, this clearly 
shows that all the discrepancy between the anticipated endurance time and UST cannot be 
attributed to errors in estimation of the intensity of the hip abduction moment demand. 
2) Could large variations in intensity of hip abduction moment demand during the OLB trial 
allow time for recovery from the effects of fatigue? 
We think not.  In Table 11 we showed that the mean slope of the trend line passing 
through the time-series for intensity during the OLB trial was not different than zero for any of 
our considered groups. We also showed that the average root mean square of error (RMSE) 
between the trend line and the time-series was less than 4%. Therefore such general slopes and 
variations cannot allow recovery from fatiguing of the hip abductor muscles.  
3) Could the lateral bending of the trunk relieve the demand on the hip abductor muscles? 
We think not.  In 2.3.4 we showed that a lateral bending of the trunk at half of the 
maximum range of motion could reduce the intensity of the hip abduction moment demand 
during OLB by 37%. This is a substantial reduction! Should the participants keep bending their 
trunk in the medial and lateral directions, the effect would not be captured by the inverse 
dynamic algorithm calculating the hip abduction moments. That is because the model assumes 
the upper body and the non-stance leg as one rigid body (M2). To account for this source of error, 
we calculated the time-series of the parameters describing the rigid body M2, namely α and r in 
Figure 6, and observed that they do not have large sudden changes, then chose the trimmed mean 
for r and γ instead of α (please see Figure 7) as the state of double inverted pendulum in the 
inverse dynamics equations. Besides, in Table 12 we then examined the time-series data for the 
lateral bending of the trunk for each subject. We noticed that on average our participants slightly 
bent their trunk laterally as the OLB trial continued ([1.5, 3.5 deg], 95% Mean Confidence 
Interval). But given the small additional bending of the trunk, our choice of r as the trimmed 
mean of all the time-series for r during the OLB trial, and our choice of γ instead of α in the 
inverse dynamic equations, this overestimation of intensity should be inconsequential. 
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4) Could out of plane rotation of the upper body towards the stance limb increase the moment 
arms of the hip abductor muscles and therefore reduce the hip abduction moment demand of 
OLB? 
We think not. There are published modeling data that show that internal / external 
rotation of the hip can change the moment arms for the hip abductor muscles [71]. So if a 
participant keeps wobbling around the vertical axis, technically they could be changing their hip 
abductor muscles’ moment arms and perhaps relieve some of the fatigue. Firstly the subjects 
were instructed and monitored to face forwards at all times during their OLB and not twist 
around the vertical axis. Secondly, we used least square method to pass a vertical plane through 
the two hip joints centers and the stance leg’s knee and ankle. We then examined the time-series 
of the angle between the defined plane and the lab’s xz-plane as a proxy for the hip internal / 
external rotation angle. We noticed that the slope of the trend line passing through the time-series 
was not significant and its RMSE were under 2 degrees. Therefore, we can conclude that this 
could not be a substantial contributor to relieving the abduction moment intensity for our 
subjects during the OLB trial. 
5) Could the hip abductor muscle fiber composition be more fatigue resistant than 
neighboring knee and trunk muscles? 
We think not.  It is possible but unlikely that the hip abductor muscles have a higher type 
I composition than the knee and trunk muscles that we used to estimate endurance times [72, 73]. 
However, our measurements of each subject’s own endurance at 50% of their maximum hip 
abduction strength pointed to the same conclusion that their UST was significantly longer than 
their measured hip abduction muscle endurance time. So we do not believe that the hip muscles 
had a higher Type I muscle fiber composition than the muscles in the knee and the trunk. 
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3.4.1.3 Additional Evidence from the Literature for the Existence of Load Sharing Mechanism 
between the Abductor Muscles and the Iliotibial Mechanism during OLB 
Further evidence for the existence of a load sharing 
mechanism in providing the hip abduction moment demand 
during OLB comes from EMG studies. In 1947, Inman 
performed a series of tests to calculate the hip abduction 
moment demand during OLB [24]. He calculated a theoretical 
value for the demand of weight times half the inter-acetabular 
distance in the same way we described in 3.2.3.3. He measured 
the inter-acetabular distance from x-rays of the pelvis of his 35 
subjects. Then he measured the maximum hip abduction 
strength in each of them while the subject was standing and 
needle and surface EMG data were being recorded from the 
major abductor muscles (Figure 27). He created a calibration 
curve for each subject with EMG action potentials on the y-
axis and hip abductor muscle moment on the x-axis. Next he 
had subjects stand on one leg with a level pelvis. He noticed 
that the estimated hip abduction moment from his recorded 
EMG activity was substantially smaller than his theoretically 
calculated hip abduction moment. He repeated the test with the same subjects, this time 
recording EMG while each subject stood with a dropped pelvis inclination angle, level pelvis, 
and a raised pelvic inclination angle. He found that although the hip abductor moment demand 
decreased with raising the pelvic inclination angle on the non-stance hip side, the EMG activity 
increased, and vice versa; letting the pelvic inclination angle drop about 15 to 20 degrees, 
decreased the EMG activity to insignificant. He concluded that there has to be a “ligamentus 
pull” from the iliotibial band. He estimated that while subject stood on one leg with a level 
pelvis, on average the abductor muscles were providing 54.9 ± 17.9 % of the hip abduction 
moment demand in men and 57.7 ±18.2% in women. 
 
Figure 27- Inman’s setup for measuring 
maximum hip abduction strength with 
the subject standing and needle and 
surface EMG data being recorded from 
the tensor fascia femoris, and gluteus 
medius and gluteus minimus muscles 
(Copied from [24]). 
 75 
 In 1970 Charnley and McLeish refuted 
Inman’s theory of a ligamentus pull citing two 
reasons [25]: 1) Inman’s EMG recording 
system and its amplifier were outdated, and 2) 
not being close to the end of hip adduction 
range of motion would make a ligamentus pull 
insignificant. Both reasons can be shown to be 
flawed. First, accepting that the exact numbers 
of the recorded EMG activity can be inaccurate, 
the trend in increasing or decreasing of the 
EMG activity however would still hold. 
Additionally, in 2014, Prior et al. showed the 
same trend with a new surface EMG system 
[26]. They measured EMG activity of abductor 
and adductor muscles in subjects standing on one leg between dropped and raised pelvic 
inclination angles and reported the same trend as Inman: Pelvic drop reduced the EMG activity 
in major abductor muscles, namely gluteus medius and tensor fascia latae, while a pelvic raise 
increased it. Charnley’s second argument can also be disputed. An examination of Ober’s test for 
evaluating a tightness in iliotibial band reveals that a tight IT band can reduce the hip adduction 
range of motion down close to zero degrees while in a normal case the hip can adduct 21±5.5 
degrees during the Ober’s test [74, 75]. One can argue that during Ober’s test, the only adduction 
moment that is being resisted by the IT band is due to the weight of the leg, which is smaller than 
the hip abduction moment demand of OLB. However, this still proves that the contribution of the 




Figure 28- EMG Action Potential vs. Hip Abduction Torque 
in Inman’s experiment. He noticed that raising the pelvic 
inclination angle on the non-stance hip side increased EMG 
activity while letting it drop reduced it to virtually zero 
activity at about 15-20 degrees. (Copied from [24]) 
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3.4.2 Description of the Load Sharing Mechanism between the Hip Abductor Muscles and 
Iliotibial Band during OLB 
In Figure 29 we can see that the Iliotibial 
(IT) band starts as one bundle at the knee (IT tract) 
and splits to a Y-shape at about the same level as 
the gluteal muscles; one bundle goes directly to 
the iliac crest while the other connects to the 
tensor fasciae latae (TFL) which in turn originates 
from the ASIS. It is likely that both bundles of the 
Y are sharing the hip abduction moment load 
during OLB. 
We can divide the IT band to two parts: the 
lower part which inserts onto the tibia and 
connects proximally to the gluteal muscles, and 
the upper part which shares the load with the TFL 
and other abductor muscles. Activation of the 
TFL, gluteal muscles and vastus lateralis can 
change the pretension in the IT band (both axial 
and transverse direction) [77], and thereby 
changing its stiffness. 
Figure 30 (A) shows the equilibrium for 
the major elements that can create a moment around the stance hip. We can write: 
𝑀𝑀𝑂𝑂𝐿𝐿𝑂𝑂 + 𝑀𝑀𝑚𝑚𝑎𝑎𝐴𝐴. = 𝑀𝑀𝐼𝐼𝐸𝐸𝐼𝐼 + 𝑀𝑀𝑚𝑚𝑂𝑂𝐴𝐴. 
Equation 4- Equilibrium of the moments around the stance hip 
MITM can be calculated as the force in the IT band times it moment arm around the hip joint 
center and the force in the IT band is a function of hip abduction angle (Figure 30) and activation 
of the muscles inserting into the IT band. On the other hand, both the moments from the hip 
abductor and adductor muscles depend on the activation in the muscles which is voluntary. If we 
assume that during OLB the hip adductor muscles are not activated, then MaDd. = 0. Then the 
moments from the IT band and the abductor muscles have to counteract the OLB demand 
moment. Figure 31 shows the OLB hip abduction moment demand for the double inverted 
 
Figure 29- Muscles of the thigh and hip. Picture copied 
from Sobotta Atlas of Human Anatomy [76]. 
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pendulum model of Chapter 2 and a hypothetical exponential curve representing the contribution 
of the IT band to resisting the OLB demand.  
 
Figure 30- Demonstrations of load sharing between muscles of the 
hip and the IT band in bearing the OLB moment demand (A) 
Equilibrium of moments in the frontal plane due to OLB demand 
(MOLB), muscles of the hip (MaBd. for abductor muscles and MaDd. 
for adductor muscles), and the IT mechanism (MITM) determines the 
pelvic inclination angle. MOLB and MITM are mostly functions of γ 
and θ2 respectively (please see Figure 7 for their demonstration). 
On the other hand the muscular abduction and adduction moments 
are mostly determined by activations of the muscles which are 
voluntary (𝑎𝑎𝑚𝑚𝑂𝑂𝐴𝐴. 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑚𝑚𝑎𝑎𝐴𝐴. respectively). For simplicity, we 
assumed the effect of muscles’ length changes on their force 
generating capacity is negligible in the range of lengths 
experienced during clinical OLB. (B) IT band can be modeled as a 
spring [78]; assuming no change in pretension from muscles 
inserting onto the IT band, the force in the IT band can change 
depending on its length (d) which in turn is determined as a function 
of hip abduction angle (θ2). 
 
Figure 31- Hip abduction moment demand of OLB for the 
double inverted pendulum model of OLB from Chapter 2 
(blue line) and a hypothetical exponential curve 
representing the contribution of IT band in resisting the 
OLB demand moment (grey line). The exponential curve 
is not based on experimental data and was fitted 
mathematically based on Inman’s observation that the 
abductor muscles’ activity was close to nothing at -20 
degree pelvic inclination sag and equal to the OLB 
demand moment at about 20 degrees pelvic inclination 
raise (Figure 28 [24]). The numbers on the grey curve 
show the hypothetical percentage of the OLB demand 
provided by the IT band. 
3.4.2.1 Towards Calculation of the Iliotibial Mechanism Contribution to Resisting the Hip 
Abduction Moment Demand during OLB 
To get a realistic estimate of the contribution of the ITM to resisting the hip abduction 
moment demand during OLB we propose one of two different approaches. 
Estimation of the Moment from ITM by Measuring EMG Activity of Hip Muscles (After 
Inman) 
This is Inman’s approach described in 3.4.1.3. Surface EMG markers should be applied 
to all the major abductor and adductor muscles. A calibration test should be performed to 
measure the maximum hip abduction and adduction moments on the stance leg while the subject 
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is standing on the opposite leg and EMG activity is being recorded. Motion capture markers 
should record pelvic inclination angle and lateral bending of the lumbar spine. Then each 
participant stands on one leg with a variety of different pelvic inclination angles, with enough 
rest between them, while EMG activity is being recorded. Hip abduction moment demand can be 
calculated from the motion capture data the same way we described here in this chapter. Using 
the calibration of the EMG activity with the maximum voluntary hip abduction and adduction 
strength, we can estimate the contribution of abductor and adductor muscles to the moments 
around the stance hip and use Equation 4 to calculate the moment from ITM as a function of 
pelvic inclination angle. 
Amongst the limitations of this method, we can refer to the sources of error that we 
brought up in Appendix III for calculating the hip abduction moment demand. Additionally, 
some of the muscles of the hip, e.g. gluteus minimus, are not accessible for surface EMG 
recordings, which makes accounting for their contribution to hip abduction moment inaccurate. 
Estimation of the Moments from the ITM during OLB from the Published in vitro Material 
Properties 
If we could estimate the strain in the IT band 
at different hip abduction angles, we could then use 
the material properties of the IT band, e.g. stress-
strain curve and cross-sectional area [77–81], to 
estimate its internal force. Then estimating the 
moment arm, also a function of abduction angle [82], 
we could estimate the moment from the IT band. 
The most important limitation of this 
approach is that there is not one study that reports all 
the required parameters for this calculation. For 
example we could find stress-strain curves in a study 
but no information on the cross-sectional area or the strain at different hip abduction angles [78]. 
In fact there are no published data that estimate the strain in the IT band as a function of hip 
abduction angle during OLB. The closest we could find is a paper by Wang et al. where they 
 
Figure 32- Comparison of the stress–strain curves 
of young and old specimens and the related 
regression curves (dotted lines). Copied from [78] 
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measured the changes in the width of the iliotibial tract during Ober’s test5 using 
ultrasonography [74, 75]. This is further complicated by differences in stiffness of the IT band 
due to aging and conditioning [78]. For example, in a person with IT band contracture, the 
affected leg will stay close to zero hip adduction angle when, while the subject is lying on the 
side, and the tester stabilizes the pelvis. Finally, the activity of tensor fasciae latae, gluteus 
maximum and vastus lateralis muscles can tighten the IT band and also change its moment arm 
[77]. 
3.4.3 Effect of Load Sharing between Abductor Muscles and ITM on FBR 
In Chapter 2 we defined FBR as the set of all states where maintaining OLB stance is 
possible. We then showed that for people with weak hip abduction strength, the bottom boundary 
was set by the maximum voluntary hip abduction strength 2.3.1. However, in our calculations of 
the FBR, we had not considered that the ITM and passive tissues surrounding the hip could have 
a notable contribution to resisting the hip abduction moment demand of OLB, especially around 
level pelvis inclination angles. Considering both abductor muscles and the ITM countering the 
OLB moment demand, for all our subjects, the lower boundary will no longer be set by the 
maximum strength and will extend down to the 20 degrees pelvis inclination sag. So the width of 
the FBR, which is set by the ankle inversion and eversion strengths, becomes the only factor that 
decides the area of the FBR for them. 
In cases of severe loss of hip abduction strength, the FBR divides into two regions 
(Figure 33B), which show the two cases of the Trendelenburg signs during OLB [42]. In case of 
a positive Trendelenburg sign, the patient lets their pelvis noticeably sag which then allows them 
to balance relying on the passive tissue to avoid any further collapsing of their posture (bottom 
region in the FBR). For the negative Trendelenburg sign, patients use extreme lateral banding of 
their spine to reduce the OLB demand and then might even lift their pelvis to reduce the demand 
further (the top portion of the FBR). 
                                                 
5 Ober’s test is commonly used by physiatrists to identify tightness of the IT band. For a demonstrative 
video, please click here. 
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Figure 33- Predicted effect of 60% loss of maximum voluntary hip abduction strength (MVS) on the FBR of the 50th percentile 
man used in Chapter 2. (A) Variation of different hip abduction moments during OLB as a function of pelvic inclination angles. 
All moments were calculated assuming zero ankle torque (T1 = 0 curve in B). The hypothetical contribution of iliotibial 
mechanism (ITM) to hip abduction moment is the same as Figure 31. We can see that between -10 to 15 degrees of pelvic 
inclination angle, the sum of ITM and muscle strength moment are not enough to resist the OLB demand. (B) The FBR shows 
two distinctive regions where OLB is possible (green areas). The top portion is for the higher pelvic inclinations angles where 
the OLB demand is smaller (right side of the thick blue line in (A)), while the bottom portion is for the angles where the passive 
tissues resist most of the hip abduction moment demand. 
To sum up, the contribution of IT mechanism to providing resistance to some of the hip 
abduction moment demand of OLB makes maximum hip abduction strength inconsequential in 
determining the boundaries of FBR in most cases except for extreme weakness of the abductor 
muscles. So maximum hip abduction strength does not play a role in the possible quasistatic 
OLB states, during which only torques at the ankle are used to control balance (‘ankle strategy’). 
But what about dynamic states where ‘hip strategy’ is being used? In the next section we will 
address this question. 
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3.4.4 How Does Load Sharing between the Hip Abductor Muscles and Iliotibial Mechanism 
Affect OLB? 
In 2.4.2 we showed how exerting maximum hip abduction / adduction moments (using 
the ‘hip strategy’) could create a substantial change in the angular momentum of the body and 
therefore create corrective shear forces under the stance foot to help recover OLB. So the hip 
strategy substantially extended the width of the FBR in calculating the recoverable quasistatic 
states. In 2.4.3.1 we also showed that accounting for the limited rate of torque development in 
the hip and ankle moments would shrink the said area. Here we will examine how load sharing 
between abductor muscles and the ITM would affect the rate of torque development. 
Let us assume we want to use the hip strategy to create the highest medial acceleration of 
the COM to avoid a lateral fall during OLB. In 2.3.6 we showed that we then have to use the 
maximum hip abduction strength to raise the pelvic inclination angle rapidly. If most of the hip 
abduction moment was being provided by the passive tissue at the initial point which would 
result in a longer time for the abductor muscles to reach their maximum strength. In other words, 
sharing the OLB demand load between the hip abductor muscles and ITM would decrease the 
rate of hip abduction moment development and therefore shrink the area of recoverable OLB 
states. This is especially important when responding to an external perturbation and trying to 
avoid a lateral fall on the hip. If the person’s hip abductor muscles are weak, they would then 
have to rely more on the ITM during their daily tasks. In case of a perturbation then, they have a 
longer time to reach their maximum strength as well as a lower maximum strength. Both of these 
would make the use of hip strategy to recover balance in the frontal plane less effective and 




• Our experimental results corroborate the OLB hip abduction moment demand that was 
calculated in Chapter 2. 
• On average, the hip abduction moment demand of OLB is more than half the maximum 
hip abduction strength for all adults. 
• Our analyses show that the hip abduction moment demand is not resisted completely by 
the abductor muscles alone.  Therefore one can deduce that there has to be an abduction 
moment contribution from the iliotibial mechanism (ITM) and other passive tissues 
surrounding the hip, even in pelvic inclination angles close to level. 
• The contribution of ITM to resisting hip abduction moment demand of OLB leads to the 
rejection of our two initial hypotheses 
o Load sharing between ITM and abductor muscles, makes calculating the intensity 
of hip abductor muscles hard which makes it difficult to predict a maximum 
unipedal stance time. That is because the subject can potentially let most of the 
demand be carried by the ITM and rest their abductor muscles. 
o All the quasistatic OLB states may not fall inside the boundaries of the FBR. That 
is because our original derivation of FBR did not consider the contribution of 
ITM to resisting the hip abduction moment demand of OLB. 
• Having to rely on the ITM for maintaining OLB, makes the hip strategy less effective in 
avoiding lateral falls by decreasing the rate of torque development available from the 
abductor muscles in response to a potential perturbation. 
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CHAPTER 4 
Effect of Age, Gender, and Lower Extremity Strengths on Maximum Voluntary Frontal 
Plane Acceleration of the Stance Foot during Volitional Unipedal Shuffle Stepping 
 
4.1 Introduction 
In the previous two chapters, we modeled OLB as a 3-link double inverted pendulum: the 
top link represented the body supported by the hip joint, the middle link represented the lower 
limb between the hip and ankle joint, and the lowest link represented the foot. We assumed the 
foot was stationary. Similarly, all other studies of OLB assume the stance foot is either 
completely stationary or could only rock back and forth between the medial and lateral edges of 
the stance foot [28, 29, 32, 83]. This assumption stems from our definition for standing balance: 
 
Standing Balance: A person’s current stance state is ‘balanced’ if they can reach a quasistatic 
state in any direction without taking a step. 
 
Since an individual can take a step (or steps) to avoid falling, a loss of standing balance 
does not necessarily lead to a fall. In the case of OLB, if (s)he does not want to fail the test, the 
individual cannot put the contralateral foot down to take a step, but (s)he can move the stance 
foot in the direction of the impending fall by moving either the stance foot heel or the stance foot 
toes in that direction to maintain their OLB, and even alternate between the two strategies, if they 
want to move the foot further in that direction. This “shuffle” step of the stance foot is achieved 
by either (a) engaging the plantarflexor muscles to shift the COP anteriorly towards the toes, 
followed by an internal or external rotation of the stance leg to move the heel laterally or 
medially, or (b) vice versa, in which the dorsiflexors shift the COP posteriorly followed by an 
external or internal rotation of the stance leg to move the toe laterally or medially. These 
movements can be concatenated by alternating them to move further medially or laterally.  
Whether a single or multiple movements are made in quick succession, we have called this the 
stance limb “Heel-Toe-Shuffle” (HTS) strategy.  
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‘Heel-Toe-Shuffle’ (HTS) Strategy for OLB: Using one or more shuffle steps of the stance foot 
during OLB to control the movements of the whole body center of mass. 
 
The HTS strategy is similar to balancing an inverted pendulum on the tip of your finger 
[84] during which the finger is moved faster than the COM of the stick to create corrective 
angular acceleration of the stick to counteract the gravity pull, and keep it from falling. Based on 
our initial observations with subjects performing OLB, the HTS strategy has the potential to help 
recover OLB balance or at least postpone an impending fall in the same way. The effectiveness 
of the HTS strategy in recovering OLB depends on how fast a person can shuffle his/her foot in 
the direction of the impending fall in order to create medio-lateral accelerations of the ankle. To 
our knowledge there are no published articles in the literature that describe the HTS, the 
characteristics of the stance foot shuffle step(s), or its capacity to create the requisite corrective 
accelerations of the COM.  
We therefore designed an experiment to measure the maximum volitional HTS speeds 
that healthy young and older subjects can achieve starting from a quasistatic one-legged stance. 
Our goal was to measure and quantify the maximum HTS capacity that could be used as an OLB 
strategy and determine which physiological or biomechanical factors affect it. We also wanted to 
compare the effectiveness of the HTS capacity with that of using maximum ankle 
inversion/eversion moments, better known as an ‘Ankle Strategy’ [28] for the recovery of OLB 
(please see 1.2.5.2 for more details). Our hypotheses were as follows: 
 
H1: Unipedal stance time (UST) and lower extremity strengths predict the effectiveness 
of HTS in creating corrective movements of the COM in both young and older adults. 
H2: HTS capacity is at least as effective as maximum ankle inversion/eversion torques in 
creating corrective movements of the COM during a single HTS step in both young and 
older adults. 
 
In the Methods section we first describe our HTS experiment. In short each subject was 
asked to stand on one leg. After gaining quasistatic OLB, they were asked to shuffle their stance 
foot a prescribed distance (~ 45 cm) either medially or laterally as fast as they can. To analyze 
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the experimental data, we derived the equation of motion for a single inverted pendulum with a 
moving base in the frontal plane to model the OLB while shuffling the stance foot. Deploying 
the equation of motion, we quantify the contribution of maximum ankle inversion/eversion 
torques (‘DTA’) and medio-lateral movements of the stance ankle (‘DTH’) to the change in 
angular velocity of the COM during a single HTS step. We then showed how we can extract 
DTH and DTA, as the primary and secondary outcome measures of the experiment, for each 
HTS step in the recorded trials from our subjects. We posit that DTH can be used as a measure of 
HTS capacity. 
In the Results section we review our findings. We will first show that all twenty of our 
young subjects and 13 out of 18 older subjects were successful in travelling more than half of the 
prescribed distance using the HTS strategy without losing their balance. Of all the independent 
covariates that we examined, UST was the only variable that came close to predicting if an older 
group participant was going to be successful in the HTS experiment (H1). Deploying a linear 
regression analysis we then showed that hip internal-external rotation strength is the only lower 
extremity strength that has a significant, although weak, positive correlation with maximum 
measured DTH in the lateral HTS (H1). Finally we used a linear mixed-effect analysis to 
compare DTH and DTA values during lateral HTS experiments. We showed that for both young 
and older subjects, mean DTH are significantly higher than DTA values (H2). However the 
between-subject and within-subject variations of DTH are also much higher than DTA which 
suggest HTS is a riskier strategy for OLB compared to the ankle torque strategy. In the 
Discussion we consider the use of HTS strategy by our subjects during the OLB experiments 





4.2.1 Heel-Toe Shuffle Experiment 
The heel-toe shuffle (HTS) experiment 
in the medial and lateral directions was 
performed as part of the series of one-legged 
balance experiments described in Chapter 3. 
For details on the participants and the inclusion 
/ exclusion criteria, lower extremity strength 
measurements, and the setup for the motion 
capture cameras and force plates, please refer to 
the Methods in Chapter 3. Below, we will 
describe the details of the medial and lateral 
HTS experiment. 
Medial HTS: Each subject stood on the Optima 
force plate (blue surface in Figure 34) with 
arms crossed and their left foot at the far left 
side of the force plate (from subject’s view 
point). They wore New Balance 411 shoes 
supplied by the laboratory, unless 
contraindicated. The test started with the 
subject lifting their right leg. After a successful transition to one leg and gaining quasistatic 
balance, the subject was asked to get to the far right edge of the force plate (approximately an 
18” = 45 cm distance) using HTS strategy as fast as possible. Each subject was tested 3 times 
with enough time to practice and get comfortable with the test. In the first recording, the subject 
was instructed to just use the HTS strategy to get to the other side of the force plate at their own 
comfortable pace. On the second and third try, we asked them to do it as fast as they could. 
During the medial HTS experiment, the tester was standing on the right side of the subject ready 
to catch him/her at the arm level, in case they could not maintain their balance. A subject’s HTS 
trial was considered successful if they could travel more than half the length of the force plate 
(25 cm) without losing their balance. If they lost their balance after the 25 cm distance, the trial 
 
Figure 34- Heel-Toe Shuffle experiment setup during a 
lateral HTS trial. Subject starts on both feet with their left 
foot on the right edge of the force plate (from subject’s view 
point). He first gains his balance on the left leg and then 
travels the width of the force plate to the other edge (~45 
cm). The tester stands on the left side of the subject, prepared 
to catch him in case he loses his balance. 
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was still considered successful especially since we wanted to capture their fastest HTS without 
concern about their ability to stop their HTS. 
Lateral HTS: This was the same as the Medial HTS, with the difference that this time the subject 
started with their left leg at the far right side of the force plate, and they were asked to get to the 
far left side of the force plate as fast as possible. The tester stood on the left side this time to 
catch the subject in case of a loss of balance during the experiment. 
People with weak HTS were identified as those who failed in two or more of their total six 
medial and lateral HTS trials. A failed HTS trial was recorded if the subject lost their balance 
before traveling at least 25 cm, a little more than half of the appointed path. 
4.2.2 Modeling HTS during OLB with a Single Inverted Pendulum with a Moving Base of 
Support 
To quantify the effectiveness of the HTS strategy on controlling the OLB, we will first 
model the frontal plane movements of a person standing on one leg as a single inverted 
pendulum with a moving base. The lower joint in the model represents the ankle of the stance leg 
and the mass at the top is the mass of the whole body concentrated at the COM. Two variables 
and their derivatives are required to describe the states of this inverted pendulum, the angle of 
the pendulum (θ) and the position of the base of support (xS). Equation 5 was derived in 
Appendix IV and shows the equation of motion for the model. We can see that both moments at 
the ankle (T1), and accelerations of the base of support (?̈?𝑥𝑆𝑆) can create accelerations of the COM 











Equation 5- Equation of motion for a single inverted pendulum with a moving base of support. In this equation, θ is the angle that 
the pendulum makes with the vertical line, M is the mass of the whole body, L is the length of the pendulum, I is the mass moment 
of inertia around the COM, T1 is the inversion / eversion torque at the ankle, and ?̈?𝑥𝑆𝑆 is the lateral acceleration of the stance ankle. 
4.2.3 Effectiveness of a Single HTS Step in Changing the Angular Velocity of Body 
(Identifying the Outcome Measures from Theory) 
 Equation 5 shows that acceleration of the base of support can induce a momentary 
angular acceleration of the body. However, such an acceleration cannot be maintained at a 
constant value (like ankle torque for example) because HTS strategy is by nature made up of 
steps. However, if we integrate Equation 5 for the duration of a single shuffle step, then we have 
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a better estimate of the effectiveness of HTS in changing the angular momentum of the body and 
therefore controlling OLB. 
Duration of a Heel-Toe Shuffle Step: The time between movement of the center of pressure 
(COP) under the stance foot from heel to toe (HT) or toe to heel (TH) during HTS strategy. 
If ti and ti+1 are the time points when the COP is closest to the heel and toes during a 

















= Δ?̇?𝛥𝐺𝐺𝐺𝐺𝑚𝑚𝐺𝐺𝑚𝑚𝐹𝐹𝐺𝐺 + Δ?̇?𝛥𝐴𝐴𝐸𝐸 + Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 
Equation 6- Change in angular velocity of the center of mass during a single HTS due to gravity (in blue), inversion / eversion 
torque at the ankle (in purple), and movements of the base of support (in red). The time at beginning and end of the step are ti and 
ti+1 respectively. 𝛥𝛥?̇?𝑥𝑆𝑆 is the velocity of the base of support at the end of the step minus the velocity in the beginning. 
The term (Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 = −
𝐼𝐼𝐿𝐿
𝐼𝐼+𝐼𝐼𝐿𝐿2
Δ?̇?𝑥𝑆𝑆) in Equation 6 is the contribution of a single HTS step to 
changes in the angular velocity of the whole body. We will also refer to Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 as DTH (short for 
Delta Thetadot due to HTS). This term is the primary outcome measure of the HTS experiment. 






𝑎𝑎𝑡𝑡�) is the contribution of inversion / eversion 
moment in the ankle in the same duration as a single step. We will also refer to Δ?̇?𝛥𝐴𝐴𝐸𝐸 as DTA 
(Delta Thetadot due to Ankle Moment). If we assume the subject was using their maximum 
available ankle inversion / eversion moment during the step, then this term simplifies to 
𝐸𝐸1(𝐹𝐹𝑖𝑖+1−𝐹𝐹𝑖𝑖)
𝐼𝐼+𝐼𝐼𝐿𝐿2
. This is the secondary outcome measure of the HTS experiment. Finally, the term 
𝐼𝐼𝐹𝐹𝐿𝐿
𝐼𝐼+𝐼𝐼𝐿𝐿2
�∫ 𝛥𝛥𝐹𝐹𝑖𝑖+1𝐹𝐹𝑖𝑖 𝑎𝑎𝑡𝑡� is the contribution of gravity to changes in the angular velocity of the body. If 
the subject is successful in maintaining their upright stance, θ remains close to zero which makes 
it contribution to changes in angular velocity of the body minimal. Since in this study we are 
mostly concerned with the first two HTS steps, this assumption is not unrealistic. 
 
Note: In all the presented results, we will only consider the first two HTS steps. This choice was 
made because of two reasons: 
1) To make sure the contribution of gravity terms to change in angular velocity of the body is 
minimal. Since all subjects started their HTS from a quasistatic OLB this assumption is realistic. 
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2) At the end of HTS path, the tester was standing guard to stop the subject from falling (Figure 
34). So subjects could potentially have changed their HTS strategy in the later steps to account 
for reaching the end of the HTS path and/or falling onto the tester. Using only the first two HTS 
steps ensures this was not the case. 
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4.2.4 Extracting the Outcome Measures from each HTS Trial 
To find Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 and Δ?̇?𝛥𝐴𝐴𝐸𝐸 
(please see the previous section 
for details) we have first to 
identify the time points marking 
the beginning and end of each 
HTS step (ti). We do so by 
examining the center of pressure 
(COP) trajectory during each 
trial (red line in Figure 35). The 
extrema of the COP trajectory in 
the lab xy-plane show when the 
subject has moved all his/her 
weight to the toes and the heel 
(green and purple dots on the red 
line in Figure 35). These are the 
beginnings and ends of all the 
heel-to-toe (HT) and toe-to-heel 
(TH) steps. The corresponding 
times for the COP extrema were then extracted for each subject. The maximum contribution of 
ankle torque strategy (Δ?̇?𝛥𝐴𝐴𝐸𝐸) was then calculated for each HTS step (please see the previous 
section for more details). The estimated maximum Δ?̇?𝛥𝐴𝐴𝐸𝐸 for four subjects during all their HTS 
steps in their second and third HTS trials can be seen in Figure 36. 
 
Figure 35- An example of a lateral heel-toe shuffle trial in shoes. The trajectory 
of the center of pressure (COP) of the stance foot (the red line) has the 
characteristic zig-zag shape travelling to the left. The local extrema of the COP 
trajectory were identified to find the times when the COP was closest to the toes 
(green dots) and the heel (purple dots). Same time points are identified on the 
ankle position and center of mass projections onto the floor. The range of x 
values seen here is the same as the width of the force plate. 
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Figure 36- Maximum estimated DTA (or 𝛥𝛥?̇?𝛥𝐴𝐴𝐸𝐸, secondary outcome measure of the experiment) for four subjects during their 
second and third HTS trials in the medial and lateral directions. DTA is the change in COM angular velocity due to torque at 
the ankle during a single HTS step. During a lateral (medial) HTS, a negative (positive) DTA is needed to arrest a lateral 




) the variations within each subject represents the variations in step times (ti+1 - ti). For more 
details on the calculation of DTA from recorded trials, please refer to 4.2.3 .The circle symbols are for the HTS steps where the 
COP was moving from toe to heel; the triangles are for the heel to toe. S02 and S27 are in the young group (man and woman 
respectively); S40 and S14 are in the older group (man and woman respectively). 
 
Calculating Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 (= −
𝐼𝐼𝐿𝐿
𝐼𝐼+𝐼𝐼𝐿𝐿2
Δ?̇?𝑥𝑆𝑆) presents another challenge. If we use the measured 
medio-lateral velocity of the ankle (?̇?𝑥𝑆𝑆) at the identified times (ti) for the beginning and end of 
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HTS steps to calculate Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 the results would be highly sensitive to the choice of ti. This is 
because unlike COP trajectories, the ankle position trajectory will not necessarily be at an 
extremum. Also, to calculate ?̇?𝑥𝑆𝑆 we need to numerically differentiate 𝑥𝑥𝑆𝑆 which is also sensitive to 
the choice of method for differentiation. Next we introduce our method which was less sensitive 
to the choice of ti and also uses all the recorded ankle positions to calculate the average change in 
ankle velocity during a HTS step.  
4.2.4.1 Fitting a semi-periodic function to the ankle position trajectories in the medio-lateral 
direction 
HTS strategy involves a heel-to-toe step 
followed by a toe-to-heel step, or vice versa, 
followed by another series of steps until the last 
step. If one assumes that each consecutive pair 
of steps are repeated, there is a periodicity in 
the acceleration of the ankle with a full period 
lasting a heel-toe-heel or alternatively toe-heel-
toe combination. But there is no reason why a 
single HTS step should have the same period as 
the previous one or the next. Indeed a subject 
might choose to take their heel-to-toe step 
faster than their previous toe-to-heel step or 
vice versa. So we considered each HTS step as 
half of the period of a periodic function. 
Therefore: 







Equation 7- Calculating the angular frequency of the fitted semi-periodic function for each HTS step. 
With the value of 𝜔𝜔 set for each HTS step, we can fit a function of the form seen below to the 
ankle position trajectory in the medio-lateral direction (𝑥𝑥𝑆𝑆) for each HTS step. 
 
 
Figure 37- Using a semi-periodic function between each 
consecutive pair of heel/toe time points to fit the trajectory 
of ankle positions in the medio-lateral position (xS) for each 
HTS step. The period of the semi-periodic function for each 
step was set at 2 (ti+1 - ti). For more details on the shape of 
the fitted function and the boundary conditions please refer 
to the text in 4.2.4.1. 
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𝑥𝑥𝑓𝑓𝑚𝑚𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴 = 𝛥𝛥 sin(𝜔𝜔(𝑡𝑡 − 𝑡𝑡𝑚𝑚) + 𝜑𝜑) + 𝐶𝐶(𝑡𝑡 − 𝑡𝑡𝑚𝑚) + 𝑎𝑎, 𝜋𝜋𝑀𝑀𝑔𝑔 𝑡𝑡 ∈ [𝑡𝑡𝑚𝑚 , 𝑡𝑡𝑚𝑚+1] 
Equation 8- General function shape fitted to the ankle position trajectory in the medio-lateral direction (𝑥𝑥𝑆𝑆) for each HTS step. A, 
C, D, and 𝜑𝜑 are the constants that uniquely define the fitted function for each HTS step. 
The only boundary condition was that 𝑥𝑥𝑓𝑓𝑚𝑚𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴(𝑡𝑡𝑚𝑚) = 𝑥𝑥𝑆𝑆(𝑡𝑡𝑚𝑚). This ensured continuity of the 
fitted functions positions while leaving two of the constants to be fitted to all recorded 𝑥𝑥𝑆𝑆 values 
using a least squares algorithm. The root mean square error between 𝑥𝑥𝑓𝑓𝑚𝑚𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴 and 𝑥𝑥𝑆𝑆 for the 
duration of the HTS trial for all subjects was under 0.1 mm. 
Having 𝑥𝑥𝑓𝑓𝑚𝑚𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴 as a function for each HTS step, we can then easily differentiate it and 
calculate Δ?̇?𝑥𝑆𝑆. 
Δ?̇?𝑥𝑆𝑆 = ?̇?𝑥𝑆𝑆(𝑡𝑡𝑚𝑚+1) − ?̇?𝑥𝑆𝑆(𝑡𝑡𝑚𝑚) = 𝛥𝛥𝜔𝜔 cos(𝜔𝜔(𝑡𝑡𝑚𝑚+1 − 𝑡𝑡𝑚𝑚) + 𝜑𝜑) − 𝛥𝛥𝜔𝜔 cos(𝜔𝜔(𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑚𝑚) + 𝜑𝜑)
= −2𝛥𝛥𝜔𝜔 cos(𝜑𝜑) 
Equation 9- Calculating 𝛥𝛥?̇?𝑥𝑆𝑆 from the parameters of 𝑥𝑥𝑓𝑓𝑚𝑚𝐹𝐹𝐹𝐹𝐹𝐹𝐴𝐴  for each HTS step. 
Using the calculated Δ?̇?𝑥𝑆𝑆 for each HTS step, mean values for the length of the inverted 
pendulum (L) from the kinematic recordings (please see  Methods in Chapter 3), Mass of each 
subject, and the mass moment of inertia from the anthropometric measurements, we can then 
calculate Δ?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆 (= −
𝐼𝐼𝐿𝐿
𝐼𝐼+𝐼𝐼𝐿𝐿2
Δ?̇?𝑥𝑆𝑆) for each HTS step. This method is more robust than using the 
measured velocities of the ankle in the medio-lateral direction because it incorporates all the 
measured 𝑥𝑥𝑆𝑆 values into the calculations. 
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Figure 38- Estimated DTH (or 𝛥𝛥?̇?𝛥𝐻𝐻𝐸𝐸𝑆𝑆, primary outcome measure of the experiment) for four subjects during their second and 
third HTS trials in the medial and lateral directions. DTH is change in COM angular velocity due to averaged change in velocity 
measured during a single HTS.  During a lateral (medial) HTS, a negative (positive) DTA is needed to arrest a lateral (medial) 
angular momentum of the body. For more details on the calculation of DTH from recorded trials, please refer to text body in 
this section .The circle symbols are for the HTS steps where the COP was moving from toe to heel; the triangles are for the heel 
to toe. S02 and S27 are in the young group (man and woman respectively); S40 and S14 are in the older group (man and woman 
respectively). 
4.2.5 Statistical Analyses 
All statistical analyses were performed with R (a language and environment for statistical 
computing) version 3.6.0. In 4.3.2 Linear mixed-effect models (LMM) with a random intercept 
for each subject were fit to the data using the ‘nlme’ version 3.1-139 package. We allowed for 
different residual variations for young and old subjects.  Likelihood Ratio and t-tests were used 
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to examine the roles of age group, sex, HTS direction, step type (heel-toe vs. toe-heel) and their 
interactions on an individual’s DTH and DTA for their first two steps of the second and third 






4.3.1 Heel-Toe Shuffle Success Rate 
All 20 subjects in the young group and the majority, 13 out of 18 subjects, in the older 
group, succeeded in locomoting more than half of the appointed distance using the heel-toe 
shuffle (HTS) strategy in at least five of their six recorded HTS attempts. To find common 
characteristics between subjects with unsuccessful HTS attempts, we defined a new variable 
(‘Bad HTS’) to each subject with a ‘1’ value assigned to the five subjects with two or more 
unsuccessful HTS attempt and ‘0’ for all other subjects. We only used the data for old subjects 
because none of the young subjects had difficulty with the HTS trial, so including them in the 
analysis would only introduce bias in the results. We then fit a linear regression model to ‘Bad 
HTS’ as the outcome measure and normalized lower extremity strengths (by weight), age 
(numerical variable), weight, height, and unipedal stance time (UST measured in the experiment 
discussed in Chapter 3) as predictors. The single best variable for predicting ‘Bad HTS’ was 
UST (R2 = 20%, p = 0.06). Adding another predictor from the aforementioned list did not 
improve the predictions of regression model (using the AIC method). Also, none of the measured 
normalized strengths were successful at predicting ‘Bad HTS’ in a linear regression model. 
Note: All the results in the following sections, except for 4.3.5, pertain to successful HTS trials. 
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4.3.2 Primary Outcome Capacity Measure: Estimated DTH during Medial and Lateral HTS 
Locomotion Trials 
Figure 39 shows the boxplot of 
estimated DTH for the first two steps in 
the medial and lateral HTS locomotion 
trials. For the justification of only using 
the first two steps please refer to 4.2.3. 
To find the possible effect of age 
category, sex, direction, and step type 
on DTH, we used the above variables 
and their interactions as the predictors 
for a linear mixed-effect model (LMM) 
with DTH as the outcome variable and a 
random intercept for each subject. Using 
the Likelihood Ratio test we simplified 
the fixed effects and the most 
parsimonious LMM that we could find 
had age category, direction, and step 
type as main effects. The coefficients 
for the resulting fixed effects can be 
seen in Table 13. When considered with 
Figure 39, they suggest that DTH was 
significantly higher for young subjects, 
in the lateral direction, and during heel-
to-toe steps. Also, the variation of DTH 
in the young group was significantly higher than the old (p < 0.001). The diagnostic plots for the 
LMM in Table 13 can be seen in Appendix V. 
  
 
Figure 39- Estimated DTH during the first two steps in the medial and 
lateral HTS experiments categorized by Age Group and Step Type (HT 
for heel-to-toe and TH for toe-to-heel). Lateral DTH values were 
multiplied by a negative so their value can be compared with the 
medial. No significant interaction between Step Type, Age Category, 
Sex, or Direction was observed. For the results of the linear mixed-
effect model fitted to DTH values please refer to Table 13. The black 
line in the middle of each box is the group median. In this and any 
following boxplots, the lower and upper hinges correspond to the first 
and third quartiles (the 25th and 75th percentiles). The whisker 
extends from the hinge to the largest and smallest value no further than 
1.5 times the interquartile range. The data beyond the end of the 
whiskers are plotted individually. 
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Table 13- Linear mixed-effect model for DTH 
Fixed effect Parameter estimate (rad/s) SE p 
Heel-to-Toe 0.35 0.049 <0.001 
Toe-to-Heel 0.67 0.049 <0.001 
Medial Direction -0.11 0.036 0.002 
Old Category -0.19 0.055 0.001 
  
4.3.3 Secondary Outcome Capacity Measure: Estimated maximum DTA during Medial and 
Lateral HTS Experiments 
Figure 40 shows DTA for the 
first two steps of the medial and lateral 
HTS trials for all subjects categorized 
by Age Group and Step Type. In a way 
DTA shows how much change in 
angular velocity of the COM we could 
expect if instead of a HTS step, the 
subject would just use their maximum 
ankle inversion / eversion torques. Since 
DTA in this format is only valuable as a 
reference point for comparison with 
DTH, we did not run a mixed-effect 
modeling analysis to find the effects of 
Age, Sex, Step Type, and Direction. 
  
 
Figure 40- Estimated DTA for the first two steps in the medial and 
lateral HTS experiments categorized by Age Group and Step Type (HT 
for heel-to-toe and TH for toe-to-heel). Lateral DTA values were 
multiplied by a negative so their value can be compared with the 
medial. 
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4.3.4 Comparison of HTS and Ankle Torque Strategies in Avoiding a Lateral Fall (DTH vs. 
DTA) 
 Figure 41 shows the DTH and 
DTA values for the first two steps 
during the lateral HTS experiments. We 
divided the measurements for each 
outcome measure by Age Group and 
Step Type.  
Based on the fitted LMM (please 
see Appendix VI), we can see that HTS 
strategy was clearly capable of creating 
higher changes in the angular velocity 
of the body in both young and older 
subjects, except for the Toe-to-Heel step 
type in the elderly where the difference 
was not significant. Considering the 
fitted random effect positive definite 
variance-covariance matrix, the within-
subject variations was higher in the 
DTH values compared to the DTA (SD 
= 0.109 vs 0.029, p = 0.005). Also the 
residual variations in the DTH group 
(which could be used as the between-
subject variations) was significantly 
higher in the DTH group compared to the DTA (SD = 0.36 vs. 0.025, p < 0.001). For the fixed 
effects and the difference in the estimated group means, please see Table 14.   
 
Figure 41- Comparison of DTA and DTH during the first two steps in 
lateral HTS experiments categorized by Age Group and Step Type (HT 
for heel-to-toe and TH for toe-to-heel). A negative DTH shows that the 
subjects decelerated during the medial HTS step instead of 
accelerating. DTH mean is significantly higher than DTA mean across 
all groups except in the TH Old. For details of the comparisons using 
contrasts in the fitted LMM, please refer to Appendix VI. Both within-
subject and between-subjects variations were significantly higher in 
the DTH measurements compared to the DTA (p = 0.005 and p < 0.001 
respectively). 
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Table 14- Linear mixed-effect model for the comparison of the DTH and DTA. Last four rows show the difference between DTH 
and DTA for each of the considered group (Age Category by Step Type interaction). 
Fixed effect Parameter estimate (rad/s) SE p 
DTA.Young.TH 0.087 0.008 <0.001 
DTA.Young.HT 0.104 0.008 <0.001 
DTA.Old.TH 0.105 0.009 <0.001 
DTA.Old.HT 0.104 0.009 <0.001 
DTA.Young.TH : DTH 0.317 0.065 <0.001 
DTA.Young.HT : DTH 0.531 0.065 <0.001 
DTA.Old.TH : DTH 0.109 0.080 0.18 




4.3.5 Lower Extremity Capacities Affecting Maximum DTH Capacity during Lateral HTS 
To examine the relationship between 
maximum subject capacities and the ability to 
create larger DTH values, we selected the 
maximum DTH value within the first two steps 
of all lateral HTS trials for each subject. Then 
we used exploratory plots and linear regression 
to look for the maximum capacity that 
predicted maximum DTH. 
Amongst all the lower extremity 
capacities that were measured, normalized by 
subject’s weight (please see 3.2.2.1 for a list 
and method of measurement), only hip internal-
external rotation strength was significantly 
correlated with maximum DTH (Figure 42). 
  
 
Figure 42- Maximum DTH value vs. Normalized Hip 
Internal - External Strength for all the subjects. Hip internal-
external rotation strength was the only lower extremity 
capacity which showed significant correlation with 
maximum DTH (p = 0.037, R2 = 12%). 
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4.4 Discussion 
Shuffling of the stance foot often occurs in some of our daily activities which require 
standing on one leg. For example, consider the task of standing on one leg in order to pull one 
trouser leg over the other leg, when all of a sudden its foot gets stuck in a hem.  The natural 
response after a few seconds is to start fidgeting the stance foot medio-laterally back and forth to 
maintain balance while bending down to get the foot unstuck. One might use HTS or even 
hopping to locomote over to a nearby wall or heavy piece of furniture to hold on to while one 
frees the foot stuck in the pant leg. Despite its commonality, there is dearth of experimental or 
modeling studies that consider heel-toe-shuffle (HTS) as a strategy that could be used for 
recovering one-legged balance (OLB). To our knowledge, this is the first study that uses both 
modeling techniques and experimental data to quantify HTS as a locomotion capacity that can be 
used to restore OLB. 
Perhaps a reason why HTS has not received much attention in the OLB literature is that it 
sits right outside the boundary of our definition for standing OLB: if someone has to take a step, 
even if it is just a shuffling step, to stop themselves from falling then they have already lost their 
standing balance. However, when we think of OLB as a clinical test of balance for predicting 
injurious falls in the elderly [85], then HTS becomes every bit as relevant as the other oft-studied 
OLB strategies, namely the ‘ankle strategy’ and the ‘hip strategy’. Chapters 2 and 3, and the 
entire literature on OLB, focus on these two strategies. So, by studying HTS, we are extending 
the current knowledge in a new direction. 
In this chapter we first examined if all our subjects could actually reliably and 
intentionally use HTS to locomote either medially or laterally. Predictably, all twenty of the 
subjects in the young group were successful in traveling a 45 cm distance using the HTS strategy 
while standing on one leg. Amongst the subjects in the old group, almost everyone was 
ambivalent at first. After all, this is not a locomotion task that we ever perform intentionally, 
even though many of us are actually skilled at it. So for the elderly the learning curve was steep. 
However, once they were assured that even if they fell, I would catch them safely, they were 
willing to try the task. Some 13 out of the 18 subjects in the older group succeeded in reliably 
traveling more than half of the prescribed distance (~25 cm) without losing their balance. In 
4.3.1 we showed that only variable that came close to predicting success in HTS experiments in 
the older adults was the unipedal stance time (R2 = 20%, p = 0.06). We excluded the younger 
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subjects from this analysis because all of them succeeded and exhibited a ceiling effect on the 
task. Later in 4.3.5 we used the maximum recorded DTH in the lateral direction for each subject 
to examine the effect of UST and lower extremity strengths on the effectiveness of HTS in 
creating corrective changes in the angular velocity of the body ( Introduction H1). We showed 
that hip internal-external rotation strength was the only predictor that was significantly correlated 
with DTH (p = 0.037, R2 = 12%).  Figure 43 is also aligned consistent with our earlier result that 
longer UST, and therefore good OLB, is a necessary but not sufficient condition for performing 
well in the HTS experiment. 
In 4.3.4 we showed that a single HTS 
step can create a corrective change in angular 
velocity of the body that is two to six times 
higher than the maximum ankle inversion 
moment in the same amount of time ( 
Introduction H2). But we also showed that both 
within-subject and between-subject variations 
in DTH were significantly and substantially 
higher than the DTA. We believe that this 
finding suggests why HTS is always used as an 
alternative strategy when all other strategies 
fail. While the changes in angular velocity of 
the body due to ankle torque are not substantial, 
they are reliable and continuous. One can adjust 
their ankle torque finely to get precise control 
over the COM. However, a HTS step is a somewhat drastic, yet an unreliable strategy due to two 
reasons: 1) it is discontinuous in the sense that one cannot adjust the accelerations of the ankle 
continuously; a step is initiated which creates the required acceleration in the correct direction, 
but inevitably a counter acceleration has to be created if the person is to regain their balance 
since their foot should not be moving by then. 2) Having planned to take a HTS step, one cannot 
be sure that it was the right amount for regaining OLB balance with just that one step. Within-
subject variations in random intercepts for DTH provide evidence for this claim. However, if 
there is room on the floor to take more HTS steps, and if there isn’t too much fatigue in the 
 
Figure 43- Maximum DTH measured during the first two 
steps in the lateral HTS trials vs Unipedal Stance Time 
(UST) for all subjects. The plot suggests that a long UST is 
a necessary but not sufficient condition for being capable of 
producing large DTH values.   
 104 
muscles required to perform the HTS, then one can always concatenate extra steps in order to 
slow and arrest COM motion in that direction as long as one or more HTS steps brings the COP 
ahead of the COM to arrest its momentum.  
It is important to make a distinction between DTH and HTS strategy during OLB. By 
asking the subjects to use the shuffling of their stance foot to locomote the appointed distance as 
fast as they can, we are measuring each person’s capacity for creating the maximum velocity of 
their stance foot starting from a stationary one-legged stance. So DTH is a measure for that HTS 
capacity. This is similar to measuring a subject’s maximum ankle inversion-eversion moments 
while standing on one leg which then could be used by the subject during their OLB (width of 
the FBR in Chapter 3). But the question remains: if given the choice, would subjects actually 
use HTS strategy to extend their UST? 
The answer is ‘Yes’. In the Chapter 3 OLB experiment we measured each subject’s 
maximum UST with eyes open and eyes closed. During the eyes open trials, one young subject 
(S15) used a medial HT step to extend his UST before falling. Similarly, another young subject 
(S36) used a medial HT step followed by a lateral HT step to successfully regain her balance. 
The eyes closed trials forced more subjects into using the HTS strategy. Ten different subjects in 
the young group and three subjects in the old group used HTS during their eyes closed OLB trial 
on multiple occasions. So overall there were 14 of 38 subjects used a HTS strategy to prolong 
their UST. The observed HTS occurrences could be categorized into three groups: 1) the subject 
took a single HTS step and successfully recovered his/her balance, 2) the subject took one or two 
HTS steps which extended their UST before eventually ending OLB by placing their raised foot 
on the ground, and 3) once the subject started using the HTS strategy they took several HTS 
steps in both medial and lateral directions extending their UST by several seconds. All three 
groups of HTS responses have the advantage of postponing the need for putting the contralateral 
foot down. In 2.4.3.2 we showed that even introducing a 250 ms latency in initiating a maximal 
corrective response would reduce the recoverable OLB states by more than half. Conversely, if 
one can postpone an impending fall, one has more chance to organize a recovery of balance, or at 
least more time to prepare for the impact of the fall and reduce it. 
In this chapter, we chose to only use the lateral HTS experiments for the comparison of 
DTH with DTA. Other than simplifying the statistical analyses, this choice was based on the 
relative risk of injury associated with a lateral vs. a medial loss of OLB. In the case of a medial 
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loss of OLB, the subject can simply put their contralateral foot down and arrest the accelerations 
of their body due to gravity. On the other hand, a lateral loss of OLB requires a cross-over step 
[86] to avoid falling onto the greater trochanter. So, a lateral HTS is more crucial to master than 
a medial one if one is to avoid a fall directly onto the greater trochanter which is known to have a 
high risk of injury [87, 88]. 
There are two important limitations to this study. First, HTS locomotion is not a task that 
we practice daily. While we do have to stand on one leg during some of the transitions of our 
daily lives, only a small portion of them require the HTS strategy to recover balance. So our HTS 
locomotion experiment was essentially a new task for our subjects, so there would have been a 
learning effect. In this case it should be rapid because most are using a HTS strategy that is 
already learned and that they have used, without thinking, for decades. We tried to minimize the 
learning effect by giving our subjects plenty of HTS locomotion tries for them to feel 
comfortable with the task before we started recording the trial. Also, we had the subjects practice 
only HTS locomotion trials in the same direction that they were going to perform for the 
recordings. So, for example, each subject started practicing lateral HTS trials only before the 
three lateral HTS trials were recorded. Then we switched to the medial trial practices and 
recorded them afterwards. The other limitation is that for five out of 38 subjects, we did not have 
the right size New Balance walking shoe for them in the lab on the day of the testing. So they 
had to wear their own sport shoes during the test. This could have affected the coefficient of 
friction between the shoe sole and the metal force under their stance foot and this could have 
then changed the person’s ability to perform. A high coefficient of friction would make it more 
difficult, a low coefficient of friction would make it easier. If the coefficient of friction is too 




• All twenty young subjects and the majority, 13 out of 18, of older subjects succeeded in 
performing the HTS locomotion task. 
• A single HTS step in the lateral direction was on average two to six times more effective in 
changing the angular velocity of the body than exerting maximum ankle inversion moment in 
the same amount of time. 
• DTH showed substantially more within-subject and between-subject variability than DTA 
• The results suggests that longer unipedal stance times are a necessary but not sufficient 
condition for success in our HTS locomotion task. 
• Hip internal-external rotation strength was the only lower extremity strength that showed a 
significant correlation with the primary outcome capacity measure (DTH). 
• Measured DTH values were significantly higher in the lateral direction during heel-toe 
transitions of the center of pressure, and in younger subjects. 





In Chapter 1 we reviewed the literature on OLB and discovered two knowledge gaps.  
KG1: Can strength and range of motion affect OLB time?  
KG2: Are there any as yet unrecognized strategies for extending OLB time? 
 
5.1 Dissertation Part I: How do Chapters 2 & 3 Address KG1? 
Our literature review in Section 1.2 revealed two important points in regard to KG1: 
1. To study the strength requirements of OLB, in addition to the stance limb ankle joint 
strength status, we have to also include the ipsilateral hip muscle strength capacities. 
This is because of two reasons: first, to include the effect of a ‘Shear Force Strategy’. 
Otten clearly showed that the most effective joint in the body in creating shear force 
under the stance foot is the ipsilateral hip [33]. So the ‘Hip Strategy’ has to be 
considered in the analyses. Second, in terms of the hip muscle strength, even if we are 
only considering the ‘Ankle Strategy’ and quasistatic OLB, the majority of the body 
weight stays medial to the stance limb hip during OLB, which should create a large hip 
abduction moment requirement. Not including the ipsilateral hip strength in the analyses 
carries an important and often overlooked assumption that the muscle-equivalent hip 
abduction moment demand of OLB is negligible compared to the available hip abduction 
strength. It is possible that this assumption is a result of an attempt to directly translate 
what has been learned in the literature on bipedal standing to OLB. During bipedal 
standing, the mass of the head, arms and trunk stays mostly above the hip joints in the 
sagittal plane, which makes the required hip extension moment for neutral bipedal stance 
virtually zero. We saw that for both published average parameters (Section 2.3.5) and 
individuals in our OLB experiment (Section 3.3.3) that this was indeed a substantial 
 108 
value and on average more than 50% of the maximum voluntary hip abduction strength 
even in our strongest population, the healthy young men. 
2. The capacity requirements of OLB most commonly addressed in the literature are the 
ankle inversion-eversion strength and proprioception. The published literature, 
reviewed in Chapter 1, shows that given a large enough BOS and having sufficient ankle 
inversion-eversion strength ensures that the COP under the stance foot can travel in a 
large enough area (functional BOS) to create a sufficient moment arm for controlling the 
center of mass. In addition, having good proprioception in the ankle and under the stance 
foot allows the person to accurately assess the current position of the COP under his/her 
foot in order to better control the position of the COM. From these two capacity 
requirements, we could infer that people with weak ankles and bad proprioception will 
have lower UST on average compared to the healthy controls [21, 89]. In this 
dissertation we did not focus on proprioception since it is not a modifiable risk factor; a 
reduction in proprioception acuity is often a result of irreversible nerve degeneration, 
e.g. diabetic peripheral neuropathy. However, it can be shown that even with severe loss 
of ankle muscle strength and poor ankle proprioception, patients with diabetic peripheral 
neuropathy should be able to use their vision in lieu of the poor sensation and solely use 
their ‘Shear Force Strategy’ (in this particular case, the ‘Hip Strategy’) to compensate for 
the lack of ankle muscle strength in order to maintain their balance, even if that entails 
larger than normal movements. So when considering the capacity requirements of OLB 
hip muscle strength should also be included in addition to ankle inversion-eversion 
strength [21]. 
The concept of quasistatic feasible balance region (FBR), introduced theoretically in 
Chapter 2 (Section 2.3.1), is a direct result of combining the above two points and therefore 
extends the current literature. More specifically, by creating a model of OLB that includes the 
range of motion and strength of both the ankle and hip joint of the ipsilateral leg, it takes into 
account the requirement of having enough muscle-equivalent hip abduction moment for 
quasistatic OLB (point 1) to the currently known capacity requirement for OLB (point 2). Indeed 
we showed (in Section 2.3.2) that the width of the FBR is in direct proportion to the functional 
BOS and the length depends on the maximum hip abduction strength. To draw the FBR for a 
person, we need to measure his/her functional BOS, anthropometry, mass distribution, and 
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maximum hip abduction strength. Examining the FBR driven from both published population 
parameters (Section 2.3.2) and individuals participating in our OLB experiment (Chapter 3, 
Section 3.3.2) confirmed that maximum muscle-equivalent hip abduction moment can indeed be 
a limiting factor in determining the FBR cross-sectional area and therefore the anticipated 
quasistatic OLB postures of even healthy individuals, especially older women. 
Having shown that the muscle-equivalent maximum hip abduction moment could affect 
the OLB quasistatic states, as explained by the FBR, the next question came naturally: what 
proportion of maximum muscle-equivalent hip abduction moment are people using to stand on 
one leg? Due to the well-established inverse relationship between intensity of an isometric load 
and the time one could endure such a load (endurance time, Section 2.4.1) we then hypothesized 
that the fatiguing of the hip abductor muscles due to the OLB hip abduction moment demand 
could be a contributing factor to the mechanistic link between lower extremity weakness and 
short UST. This would be especially true since unlike the use of ankle moments in the ‘Ankle 
Strategy’, the hip abduction moment demand never decreases to zero or changes signs during 
regular clinical OLB trials. So if the hip abductor muscles are fatigued beyond the hip abduction 
moment demand of OLB, none of the strategies could be effective in controlling balance and 
therefore the participant OLB trial would have to place their raised foot back on the ground, 
thereby ending the trial. 
We set out two main goals for our OLB experiment described in Chapter 3: 1) to validate 
the FBR to be an extension of the already established functional BOS as a capacity requirement 
of OLB, and 2) test our hypothesis that the endurance time in the hip abductor muscles during 
OLB act as an upper limit for the measured UST. Both of these goals were based on an important 
assumption that all the hip abduction moment demand was being provided by the abductor 
muscles, namely the gluteus medius and minimus, and tensor fasciae latae. This assumption 
stemmed from the belief that at least with healthy individuals, we do not see marked ‘sagging’ of 
the pelvis during OLB; so the ipsilateral hip adduction angle would not be close enough to the 
end of its range of motion (reported to occur at 20º-25º ‘pelvic sag’) where the ligaments 
surrounding the joint would be involved in providing some of the OLB moment to protect the 
hip. Indeed in Section 3.3.4 we checked this assumption for our cohort of subjects and showed 
that, on average, the subjects had less than 5º of ‘pelvic sag’ during their OLB trials. However, 
examination of the trajectory of OLB states inside the subject-specific drawn FBR (Section 
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3.3.2), revealed that the maximum hip abduction strength constraint was violated for some of the 
OLB states of our participants, especially the women in the older group. Additionally, both 
measured endurance times at 50% intensity and anticipated endurance times, based on the 
calculated intensity of the isometric hip abduction moment demand, were shorter than the UST 
in a large portion of our subjects, even in the older group (Section 3.3.5). These two pieces of 
evidence pointed to the conclusion that hip abductor muscles have to share the OLB load with 
another mechanism. Based on the anatomy of the human body and the evidence that was found 
in the literature, we posited that the load sharing mechanism probably involves the iliotibial band 
(Section 3.4.2). In Sections 3.4.3 and 3.4.4 then we reviewed how we expect the existence of the 
‘iliotibial mechanism’ to affect the FBR and OLB. Particularly, regarding the FBR, only a severe 
hip abductor muscle strength loss would cause the FBR length to be affected. In these cases, we 
anticipate that the change in FBR length will be in the form of a splitting in the middle showing 
that maintaining OLB with a level pelvis is not possible. This finding is corroborated by the 
Trendelenburg’s test of function in the clinic in which patients with severe abductor muscle 
atrophy are asked to stand on one leg; they would either exhibit one or both classic signs: a 
marked ‘sagging of their pelvis’ or maximal lateral flexion of their torso in order to reduce the 
hip abduction moment demand. 
5.2 Dissertation Part II: How does Chapter 4 Address KG2? 
Our theoretical calculations for the effectiveness of the proposed ‘Heel-Toe-Shuffle’ 
(HTS) strategy for OLB (Section 4.2.3) depended heavily on the acceleration profile of the 
ipsilateral ankle during the HTS maneuver. Also, unlike the ‘Ankle Strategy’ and the ‘Hip 
Strategy’ where we can measure ankle and hip strength to derive the corresponding strategy 
capacity, we could not directly derive the HTS strategy capacity based on other measured 
capacities. This is because the success of someone in using the HTS strategy depends on multiple 
factors. We speculate that these factors include 1) being able to stand on one leg to begin with 
(Section 4.3.1), having enough plantarflexion strength to lift the heel, enough dorsiflexion 
strength to lift the toes, and enough hip internal-external rotation strengths to overcome the 
friction under the shoe to turn the ipsilateral leg around its vertical axis (Section 4.3.5). Finally, 
developing the coordination of muscle activity to achieve intentional HTS locomotion requires 
training and a learning curve. So our main goal in Chapter 4 was to quantify the HTS capacity 
for each of the subjects based on the fastest volitional HTS locomotion task. We successfully 
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achieved this goal (Section 4.3.2) in the form of contributions of a single HTS step to changes in 
the angular velocity of the whole body which we called ‘DTH’. Then, for the lateral HTS steps, 
we showed that in the time it takes to take a single HTS step, DTH was two to six times higher 
than the maximum possible contribution of the ‘Ankle Strategy’ (DTA) to changes in the angular 
velocity of the whole body (Section 4.3.4). So, in summary, HTS can be considered as a third 
effective strategy to maintain OLB, particularly in avoiding an impending loss of balance. 
In daily life, many factors will affect whether or not HTS is a viable recovery strategy. 
Foremost among them being the coefficient of friction between the shoe (foot) and the floor. 
Clearly, wearing soccer cleats on a thick pile carpet would make HTS close to impossible even 
for the healthy young. In that case he/she might actually invoke hopping to move their BOS 
instead of the HTS. On the other hand wearing socks on a hardwood surface would make HTS 
very easy to use and render the hopping response unneeded. 
5.3 Comparison of the Effectiveness of Ankle, Hip, and HTS Strategies in Recovering OLB 
A proper comparison of these strategies in controlling OLB is not possible without 
making assumptions on the control strategy that the central nervous system (CNS) uses for 
coordinating between them. Characterizing that control strategy is a large challenge that lies well 
beyond the scope of this dissertation. Of more interest here however, is the effectiveness of these 
strategies in avoiding a fall in a given direction. After all the reason why we are studying OLB 
here is its utility in predicting injurious falls [8]. So the question we are addressing here is how 
can we compare the three OLB strategies in their effectiveness in recovering OLB to avoid a 
lateral fall? The reason for choosing the lateral direction was that in case of a medial loss of 
OLB, the person can simply place their contralateral foot down to arrest the angular momentum 
of their body. But in case of a lateral fall, a failure to react properly could result in falling onto 
the ipsilateral greater trochanter which can result in serious injury like a fracture of that hip [88]. 
Changing the question to that of recovering OLB, makes the coordination of the 
strategies unique. For example, to avoid a lateral fall, we need to use all the strategies in a 
direction that would create the maximum medial acceleration of the COM. Combining Sections 
2.3.6 and 4.3.2 we know that for avoiding a lateral fall, the COP should be brought to the lateral 
edge of the functional BOS, maximum hip abduction moment should be exerted resulting in a 
lifting of the pelvic inclination angle, and quick lateral HTS steps should be used to get the ankle 
at least under and preferably ahead of the COM. To compare the three strategies, one might 
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consider to just examine the maximum angular acceleration of the COM induced by a maximum 
ankle inversion moment, maximum hip abduction, or a maximum ankle acceleration during HTS 
(Appendix I). However this comparison is not meaningful. For example, in healthy young 
subjects, the maximum hip abduction moment can create an initial acceleration of the COM that 
is more than ten times higher than that of the maximum ankle inversion moment. However, the 
resulting angular velocity of the stance hip will cause the ipsilateral hip to reach its end of ROM 
rapidly which would then create an opposing and larger hip adduction moment to stop injury to 
the hip joint. This is why it is important to consider both the magnitude and duration of the 
effectiveness of each strategy when comparing them. 
Another complication of comparing the three OLB strategies is that using one might 
interact with the possibility of deploying the other. For example, the ‘Hip Strategy’ is part of a 
larger synergy of joint moments that induce a net corrective shear force under the stance foot. 
Otten showed that his subjects used their hip moment in the direction to create corrective 
accelerations of the COM, while moving their non-stance limbs in the opposite direction, 
allowing the hip moment to last for a longer time [33]. Hence, although ‘Hip Strategy’ is always 
accompanied by an ‘Ankle Strategy’ [30, 33], it probably will not allow deployment of HTS 
strategy due to the necessary coordination involved. Then to make the comparison of OLB 
strategies possible, we used the ‘Ankle Strategy’ as the medium between the three strategies. 
This is because we suspect using the ‘Ankle Strategy’ alone does not cause a large dynamic 
movements of the body and the limbs allowing the initiation of the other strategies. 
In Section 2.4.2 (Table 7) we showed that using the maximum hip abduction moment 
allowed extending the functional BOS laterally by more than two-fold. This calculation had 
accounted for reaching the end of ROM by the ipsilateral hip and the time that the hip strategy 
could remain effective (Appendix II). So we could claim that the ‘Hip Strategy’ is as effective as 
the ‘Ankle Strategy’ in recovering OLB. On the other hand, in Section 4.3.4 we showed that in 
the time it takes to take one lateral HTS step, the contribution of HTS step to changes in the 
angular velocity of the whole body (DTH) was two to six times higher than the maximum 
contribution of the ‘Ankle Strategy’ (DTA). 
Although this comparison lacks a common test ground between the effectiveness of the 
three OLB strategies in recovering OLB from a lateral fall, we posit that it does show that HTS is 
at least as important as the other two strategies, if not more important. In Chapter 4 we found that 
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there is a learning curve for people to intentionally locomote medially or laterally using HTS 
steps, but in Chapter 3 for some individuals this was already an automatically invoked response, 
especially with the eyes closed OLB trials (Section 4.4).  For those subjects, the learning curve to 
perform an intentional HTS locomotion would be rapid. 
5.4 How May the Lower Extremity Weakness, Shorter UST, and Falls be Related? 
In thinking about the findings of Vellas et al. that UST < 5 s increased the relative risk 
for injurious falls in a nursing home population, our original approach was to use the endurance 
time in the hip abductor muscles to predict a maximum UST for each subject. This was 
warranted given the high demand that we believed is being placed on the hip abductor muscles 
during OLB. However, the evidence that we encountered for the existence of a load sharing 
mechanism between the hip abductor muscles and possibly an iliotibial mechanism (Section 
3.4.1) makes this approach non-effective. If we knew the muscles’ share of the OLB hip 
abduction moment demand, we could still use their endurance time as an upper limit for UST. 
However, the load sharing mechanism makes the OLB demand on the abductor muscles much 
smaller and therefore the endurance time for the hip abductor muscles much longer. Many other 
factors could cut the UST short in the meantime making the estimation of the endurance time 
with considerations for the load sharing mechanism inconsequential. 
A possible relationship between good performance in the OLB test (having long UST) 
and an ability to avoid falls is that the capacity of the same strategies that allow one to have good 
OLB help one to recover from perturbations to one’s balance during one-legged transitions of the 
daily life. For example, a perturbation to one’s OLB could be due to delays in sensing the need 
for corrective strategies, as is the case for patients with diabetic peripheral neuropathy. In our 
hypothetical case in Section 2.4.3.2 we showed how a 250 ms latency in initiating a maximum 
corrective strategy by both ankle and hip strategies reduced the area of recoverable quasistatic 
OLB states by more than half. Limited rate of torque development in ankle and hip muscles was 
another source of delay that we considered in 2.4.3.1. We showed that introduction of a 90 ms 
rise time for the moments from zero to half of the maximum [44], considerably reduced the area 
of recoverable quasistatic OLB states. Those calculations assumed that the hip abduction 
moment demand was being provided fully by the abductor muscles. Now consider the 
effectiveness of the ‘Hip Strategy’ in OLB recovery, if someone had to rely on the iliotibial 
mechanism during their OLB because their hip abductor muscles were weak. On one hand, the 
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person will experience a latency in raising his/her pelvis, since the muscles are starting from a 
lower activation level and therefore take a longer time to reach their maximum. On the other 
hand, the maximum muscular hip abduction moment is not going to be as large deeming the ‘Hip 
Strategy’ ineffective. So in this case the ‘Hip Strategy’ is not even a viable option. 
Another example, regarding the effectiveness of an OLB strategy capacity in recovering 
balance was presented in Section 4.3.4, where we showed that a single HTS step could create a 
large net change of angular velocity of the whole body. In Section 5.3 we argued how the HTS is 
at least as effective as the other two strategies in avoiding lateral falls. We also noticed in our 
OLB experiment with closed eyes, that some people used the HTS strategy. Even if their use of 
HTS strategy did not help them fully recover their OLB, it extended their UST by the time of a 
one or two HTS steps (~ 250 ms per step, from the HTS experiment in Chapter 3). This extra 
time could provide the person with enough opportunity to recover or at least prepare for the fall. 
To summarize, one can speculate that the link between lower extremity weakness, shorter 
UST, and falls could be that lower extremity weakness diminishes the capacities of ankle, hip, 
and HTS strategies, thereby diminishing the ability of the person to recover from perturbations to 
their balance using said strategies. We saw this clearly in the form of reductions in FBR and 
recoverable quasistatic OLB states in Chapter 2 & Chapter 3. On the other hand, having better 
UST and stronger hip internal-external rotation strengths allowed our subjects to be more 
effective during their HTS trials in creating corrective changes to the angular velocity of their 
body (Chapter 4) and extending their UST even by a few milliseconds, which could be the 
difference between recovery of balance or not. 
5.5 Can We Predict Use of the HTS Strategy during an OLB Trial Based on the Methods 
Used in this Dissertation? 
The short answer is yes, if we modify to the OLB experiment to exclude lateral bending 
of the neck and trunk, and movements of the non-stance leg. To elaborate on this answer, we 
need to review the quasistatic FBR and show how it can be extended to include dynamic states as 
well. 
The FBR (2.3.1) shows all the states where the subject has enough ankle and hip 
abduction strength to maintain a quasistatic stance. In 2.4.2 we showed that if the OLB state 
travels outside the FBR, the subject could still recover their balance using the ‘Hip Strategy’. We 
then went on to present the recoverable quasistatic OLB states on the same θ1-θ2 plane as the 
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FBR. Choosing initial quasistatic states was a matter of choice to show a comparison between 
the recoverable OLB states and the maintainable ones. However, deploying the same approach, 
we can consider any initial state in the full four-dimensional states-space (𝛥𝛥1, ?̇?𝛥1,𝛥𝛥2, ?̇?𝛥2) and 
calculate whether recovering OLB is possible, given the effectiveness of ankle and hip strategy 
(Appendix II). This would entail a ‘Feasible Balance Volume’ (FBV) instead of the FBR. 
Although demonstration of the FBV is not easily possible due to its 4-D nature, mathematically 
determining if it contains an initial OLB state can easily be done in MATLAB. 
We can use the FBV to predict if a subject has to use the HTS strategy to recover OLB. If 
the OLB state travels outside the FBV then one has to use a strategy other the ankle or hip to 
recover OLB. If we modify the OLB experiment to preclude the subject from laterally bending 
their neck or trunk, or moving their non-stance leg (please see section 2.3.4 for the significant 
effect of these movements on the FBR and the hip abduction moment demand of OLB), then the 
only option remaining is the HTS strategy. It is important to note however, that crossing the 
boundary of the FBV is a sufficient, but not necessary condition for eliciting the HTS strategy. 
Depending on the general strategy and comfort of the subject, a HTS step could be initiated well 
before crossing the boundaries of the FBV. Indeed in our experiment for measuring the HTS 
capacity in Chapter 4, all subjects first gained their quasistatic balance first (initial state inside 
the FBV) and then initiated the HTS locomotion task as instructed. It should also be noted, that 
the motivation of the subject for continuing the OLB trial determines whether they are going to 
even try a hip strategy or a HTS strategy in the first place. So the methods of this dissertation can 
be used to predict when an HTS strategy will be used, if body movements other than those of the 
stance limb hip and ankle are experimentally eliminated. 
5.6 Recommendations for Physiatrists and Physical Therapists 
In the following three sections, we will present three recommendations for clinicians that 
are the result of insights gained from this dissertation. 
5.6.1 Using OLB for Measuring Hip Abduction Strength 
In Section 3.4.1 we provided evidence for the existence of a load sharing mechanism 
between the hip abductor muscles and possibly an iliotibial mechanism. Using population means 
from the literature (Section 2.3.5) and subject-specific measurements (Section 3.3.3) we showed 
that the hip abduction moment demand of OLB is a substantial portion compared to the 
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maximum voluntary hip abduction strength (mean value more than 50% in both healthy and 
older adults). Finally, we also found evidence in the literature that despite decreasing the hip 
abduction moment demand, raising the pelvic inclination angle increases the share of the 
abductor muscles from the load [24, 26]. This can be readily confirmed with any healthy subject: 
ask the subject to stand on one leg with a more or less level pelvic inclination angle for as long as 
they can and measure their UST. Next ask them to repeat the trial raising their pelvic inclination 
angle by at least 15 degrees (no need for any accurate sensors, just place visible markers on their 
ASIS and visually assess. Two things will happen: 1) the UST in the second trial is substantially 
shorter than the first, and 2) their hip abductor muscles will be fatigued. 
On the one hand, reliably measuring maximum voluntary hip abduction strength (i.e. 
including only the active elements) in the clinic is difficult, due to the possibility of patients 
cheating by engaging their extensor muscles and the coordination involved in exerting a 
maximum effort. On the other hand, there is a link between lower extremity weakness, shorter 
UST, and injurious falls [8, 34]. So using an OLB test to assess a patients ’maximum voluntary 
hip abduction strength’ seems like a natural choice. The criterion that we suggest is that if you 
expect a patient to be able to balance on one leg for 30 s to consider them healthy, you can also 
expect them to stand on one leg for the same time using only their voluntary hip abduction 
strength, without substantial contribution from the posited iliotibial mechanism. Then to test if 
the patient has enough maximum voluntary hip abduction strength, you can ask them to stand on 
one leg with a pelvic inclination angle that is raised at least 15 degrees. The patient can medially 
bend their lumbar spine to keep their head vertical if that is their preference. This will actually 
increase the demand on their hip abductor muscles (i.e. gluteus medius and minimum and tensor 
fasciae latae) and keep the OLB hip abduction moment demand closer to the theoretically 
calculated value of weight times half the distance between hip joint centers (Section 3.2.3.3). The 
patient can use small touches of their fingers on supports around them to help them not lose their 
balance. If they can maintain their elevated pelvic inclination angle for the duration of the OLB 
test, 30 s for example, you can be sure that they have more than enough maximum voluntary hip 
abduction strength for their OLB test. Also, this ensures that if the need arises, the patient has 
enough maximum voluntary hip abduction strength to use their ‘Hip Strategy’. Of course 30 s is 
a long time, but we suggest that this value can be adjusted experimentally by comparing it to the 
current best methods. 
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5.6.2 Training Elderly to Practice the HTS Strategy 
Our results in Chapter 4 showed that even in healthy elderly, HTS can be at least as 
effective as the maximum ankle torque in creating a corrective change in the angular velocity of 
the body, i.e. arresting a fall. Despite the initial complexity of the task, after only a few practice 
trials, 13 out of 18 of our healthy older subjects succeeded in traveling more than 25 cm by using 
the HTS steps. Two of them actually used the HTS strategy during their eyes closed OLB trial to 
extend their UST. We suggest that strengthening the hip internal/external rotator muscles and 
practicing the HTS with non-frail subjects can improve their ability to invoke the strategy when 
needed. Increasing the foot-floor friction is a way to challenge them, but then a spotter needs to 
be vigilant in catching them should they lose their balance, unless they were to practice at a 
kitchen counter which they could use for support should they lose their balance. 
5.6.3 Modifying the Clinical OLB Trial to Include Hip and HTS Strategies 
Based on the results of this dissertation one-legged balance could be tested in two ways: 
first, the prescribed method in which no arm or foot movements are permitted versus a second, 
‘freestyle’, method in which any recovery motions are permissible. A good ‘freestyle’ 
performance provides confidence in the ability of the patient to recover their balance outside the 
clinic. 
5.7 Limitations 
In what follows, I consider the main limitations of this dissertation in order of 
importance, with the most important limitation stated first. 
1. Inaccuracies in determining body segment inertial properties (BSIP): Currently the 
gold standard for calculating the BSIP is considered to be the DXA scan images [90, 91]. 
The logistics involved in getting access to the equipment, the cost, and the added testing 
time per subject convinced us to seek an alternative method. Our approach was to use an 
optimization algorithm to minimize the error between center of gravity (COG) 
estimations to two different methods (described in the Methods in Chapter 3). Both of 
these methods have their inaccuracies and therefore our method will also be inaccurate. 
However, ensuring root mean square error of COG measurements between them was not 
higher than 15 mm during the OLB experiment helped us find the three subjects whose 
motion capture markers had slipped permanently on their skin after the digitization 
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process. This method is tested and validated in the literature as an appropriate one for a 
motion capture lab setting [92, 93] and improves the regression model method based on 
cadaveric data which are mostly based on a Caucasian population [66, 68, 94]. 
2. Inaccuracies in the functional determination of the hip joint centers (HJC): The 
location of HJC is important in the estimation of the hip abduction moment demand 
during OLB, because it directly affects the moment arm of the large mass over the stance 
hip that constitutes the head, arms, trunk and the contralateral leg (Appendix III). The 
only way to accurately determine the exact location of the hip joint centers is by X-Ray. 
This method was common in older studies [24, 25], it is however abandoned due to the 
X-Ray exposure risk to the subjects. We used the movements of the motion capture 
markers mounted on the pelvis and the leg of the subjects to functionally estimate the 
location of the HJC on either sides. Our algorithm was based on the SCORE method 
published and validated in the literature [62]. Our choice of SCORE as our algorithm of 
choice was due to the fact that it allowed an estimation of the error of the method as well 
[63]. 
3. Inaccuracies due to simplifying OLB to a double inverted pendulum model: A double 
inverted pendulum model cannot capture the movements of the trunk and other limbs in 
the inverse dynamic calculations. In Sections 2.2.3 and 2.2.4 we showed that the FBR 
and hip abduction moment demand could change considerably by the medio-lateral 
movements of the non-stance leg and bending of the trunk. To minimize this inaccuracy, 
we asked our subjects to keep their torso straight and the hip abduction angle of their 
contralateral leg constant during all the experiments. We also kept track of both 
kinematic parameters (Section 3.3.4) during our analyses. If a subject had a noticeable 
change in either of the kinematic parameters, we tagged the times this happened and 
excluded it in the final analyses. 
4. Inaccuracies introduced by considering the stance foot as one solid link: The stance 
foot is the interaction site between the person balancing on one leg and the environment. 
Therefore it is an influential factor on OLB. Accounting for the multi-segment nature of 
the foot however required more detailed motion capture marker placement and more 
complicated dynamical equations. Our choice of considering foot as one solid link was a 
compromise to keep the frequency of the motion capture recordings high and keeping the 
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dynamic equations simple. For the OLB experiment with eyes open (Chapter 3) we 
believe this choice is valid since for most of the experiment, subjects are quasistatic, and 
the foot stays stationary with small movements of the ipsilateral ankle. But during the 
OLB with eyes closed and the HTS experiment (Chapter 4) the dynamic of the foot 
becomes more important. Since we did not present a dynamic analysis of the eyes closed 
OLB experiment and constrained our HTS experiment analyses to kinematics of the COP 
and that of the ankle, we believe this limitation does not affect the results presented. 
5. Inaccuracies introduced by considering the subtalar joint as a hinge joint: In our 
analyses in Chapters 2&3 we considered the ankle joint at the subtalar level to act as a 
hinge joint with its axis of rotation perpendicular to the frontal plane. In reality the axis of 
rotation of the subtalar joint is oblique relative to the frontal plane [95]. But considering 
this would require a 3D analysis. Besides, this assumption is only consequential in more 
dynamic cases where the ankle inversion/eversion angles vary a larger amount within the 
range of motion. Our calculations of the trajectory of the OLB states in Chapter 3 showed 
that the ankle angle only changed within a few degrees. So this assumption would not 
have a substantial effect on the outcome of the Chapters.    
6. Inaccuracies due to constraining the analyses to the frontal plane: The theoretical 
derivations of Chapter 2 and the analyses of Chapters 3 & 4 were all 2D and constrained 
to the frontal plane. Although during quasistatic OLB and for validation/rejection of our 
hypotheses throughout the dissertation this assumption is valid, in more dynamic cases it 
can lead to oversimplification of the analyses. We consider two examples where a 3D 
dynamic analysis would have been more appropriate: 
o Dynamic analysis of the HTS strategy: Dynamic analysis of HTS by nature 
requires a 3D analysis. The rotation of the foot around the stance leg’s 
longitudinal axis deems a 2D frontal plane analysis inadequate. A proper dynamic 
analysis would be able to reveal a more causal relationship between the lower 
extremity strengths and HTS ability. In Chapter 4 we did not perform a dynamic 
analysis for our experiment and instead just used the experimentally measured 
kinematics of the ankle to estimate the effectiveness of the HTS capacity in 
recovering OLB (DTH). A 3D analysis of the HTS is further complicated by the 
multi-segment nature of the stance foot (limitation 4). 
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o Accounting for OLB strategies that involve out of plane movements: In our OLB 
experiment in Chapter 3 especially with eyes closed, we noticed a strategy that 
some of the younger subjects tended to use when they were close to losing their 
OLB. They would redirect the frontal plane angular momentum of their body to 
the sagittal plane by rotating around their stance hip where their higher ankle 
plantarflexion strength could arrest the momentum. A 3D analysis of the observed 
kinematics with a proper experimental setup that involves better marker 
placement on the stance foot could shed light on this forth OLB strategy. 
7. Inaccuracies in hip abduction maximum strength measurement: We measured the 
maximum isometric hip abduction strength by having the subject lie supine and push 
against a bracket. This helped ensure the measurements were made in a gravity-free 
plane. However, the coordination involved in exerting a maximum effort in this 
orientation might have caused some of our subjects not to give their best efforts. We tried 
to account for this by incorporating the fatigue test measurements which was performed 
in the same orientation and seemed easier for some (Section 3.2.2.1). Perhaps a 
modification of Inman’s method for measuring the hip abduction strength would have 
been more appropriate for our test [24]. Briefly, he had the subjects stand on one leg. 
Meanwhile a non-flexible belt that was connected to a force measurement device 
wrapped around the ankle of the non-stance leg. The subject would push the belt out 
using their hip abduction strength. The recorded force times the distance between the 
HJC and the belt would then give the maximum isometric hip abduction strength.  
8. Inaccuracies in ankle strengths and hip internal/external rotation strength 
measurements: We could have error in our strength measurements due to the 
coordination involved in our method. For ankle strengths, we had already designed a 
balance board based on an earlier experiment in the biomechanics research lab that would 
have measured the maximum ankle strengths more accurately [39]. However, due to time 
constraints for each subject in the lab (less than three hours) and the fact that the base of 
support limits the maximum exerted ankle inversion/eversion strength we think our 
method was the right choice. In terms of measuring maximum hip internal/external 
rotation strength, we would have ideally preferred to have a fixture that allowed us to 
isolate the hip internal/external rotator muscles. However using the friction on the bottom 
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of the shoe to measure the hip internal/external rotation strengths had the advantage of 
accounting for the maximum torque that the friction between the bottom of the shoe and 
the top of the force plate would allow. 
9. Inaccuracies in inverse dynamic calculations due to skin artefacts:  Any inverse 
dynamic analysis of the human motion based on motion capture is confounded by the 
movements of the skin compared to the bone underneath. This is the reason one of our 
inclusion criteria was to have a BMI less than 35 kg/m2. Also, during the OLB 
experiment (Chapter 3), the subjects were mostly quasistatic which should reduce this 
effect. We also used a Monte Carlo method to reduce the effect of skin artefact on the 
OLB inverse dynamic estimations [70]. During the HTS experiment (Chapter 4), we 
mostly just used the position of ankle which was based on markers placed on the left 
shank. Since those markers are placed on the anterior side of the shank close to the knee, 
there was not much fatty tissue under them and so the relative movements of the markers 
and the tibia should be minimal. 
10. No EMG measurements during the OLB experiment: Ideally, we would have liked to 
have EMG measurements of all the abductor and adductor muscles of the stance hip 
during the maximum hip strength measurements and the OLB experiments. This would 
allow us to have a subject-specific confirmation for the existence of load sharing of the 
OLB hip abduction moment demand between the abductor muscles and the posited 
iliotibial mechanism. However, since surface EMG would not be able to capture the 
activity of the deeper muscles, we would still have needed a more invasive method such a 
as fine wire EMG measurements. 
11. Limited and unbalanced subject group sizes: We planned to have balanced groups with 
ten subject in each groups (young and older, men and women). After phone screening we 
had to disqualify six older men from participating due to the polypharmacy exclusion 
criterion. Three more were disqualified after the vibration fork test. So in the time table 
of the study we could only recruit eight older men. After data collection was concluded, 
in the analyses of Chapter 3, we had to drop the data for two young men and one old man 
due to technical issues with the motion capture markers and other equipment. 
12. Inaccuracies due to motion capture marker occlusion: We used two separate motion 
capture cameras in series to ensure visibility of markers during the experiments. 
 122 
However, there were still some instances, especially during more dynamic maneuvers 
such as the HTS, when some of the key markers like those of pelvis and chest were 
invisible. For short times we used an interpolation of the same marker to fill in the 
missing marker data. However for missing time epochs longer than 150 ms we had no 
choice but to remove the outcome of the inverse dynamic algorithm in those times form 
the analysis. We also had three markers on the foot to better capture the initiation of the 
HTS step during the HTS and OLB trials. However, they proved to be unreliable and 
frequently went missing. So instead we had to rely on only the COP measurements from 
the force plate to capture the event. 
13. Inaccuracies introduced by not including individual muscles in the analysis: The full 
analysis of the contribution of individual muscles in creating net torques around ankle 
and hip joint would have allowed a more detailed capture of the force-length and 
lengthening effect of the muscles. However, the current methods also involve 
assumptions on the moment arm of the muscles and their size which are based on a small 
sample size and would not account for the between-subject variations. Since subjects 
were mostly quasistatic during the OLB experiments (Chapter 3) and our HTS 
experiment analyses are only kinematic, we believed that this would not be an important 
limitation for our study. 
14. Friction under the bottom of the shoes during HTS experiment: We used the same New 
Balance walking shoes for all subjects, except for five where the right fit was not 
available. This was to account for the differences in the coefficient of friction between 
the bottom of the shoe and the top of the force plate where their performed both HTS and 
OLB experiments. For those who had to wear their own shoes, we did not measure the 
relative coefficient of friction of the shoe compared to the lab shoes. 
15. Subject Selection, Obesity and Neuropathy: We picked our subjects from a healthy pool 
of volunteers. This was due to two reasons: 1) our original hypothesis stating that 
endurance of the hip abductor muscles could dictate a ceiling for the UST, required the 
subjects to be free of other known deficits that could curtails their OLB trial. 2) The HTS 
experiment was the first of its kind in the literature and for the older subjects, we did not 
know at the beginning if the subjects could perform it. As a result we picked only healthy 
subjects to give the HTS strategy the best chance of succeeding. Proper assessment of the 
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utility of the HTS strategy for avoiding injury however, requires a feasibility of the 
strategy with subjects with different levels of mobility impairment. We suspect that 
obesity would be a limiting factor in HTS, since unless the person can shift his/her weight 
between the toes and the heel, the friction under the stance foot might be too large to 
overcome, hence making a lateral shuffle step impossible. 
16. Control of OLB: Unfortunately, we do not have a direct line into the central nervous 
system that would allow us to know how the CNS coordinates between different OLB 
strategies. Our work tries to capture the capacity of some of the recovery strategies that 
are available for the CNS to use to control OLB and avoid falls after perturbations. A full 
understanding of the control of OLB however is the only way for a proper comparison 





• The model based on published literature data for anthropometry and maximum hip 
abduction strengths, makes it clear that the hip abduction moment that is required to stand 
on one leg is substantial, ranging from 50% of maximum voluntary muscle strength in 
healthy young men to 82% of the maximum in healthy older women (Chapter 2).  
• Our experimental results corroborate the OLB hip abduction moment demand that was 
calculated in Chapter 2. On average, the hip abduction moment demand of OLB is more 
than half the maximum hip abduction strength for all adults (Chapter 3) 
• Our analyses show that the hip abduction moment demand cannot be resisted completely 
by the abductor muscles alone, for the observed duration of OLB trials.  Therefore one 
can deduce that there has to be an abduction moment contribution from the iliotibial 
mechanism (ITM) and other passive tissues surrounding the hip, even in pelvic 
inclination angles close to level. (Chapter 3) 
• Load sharing between ITM and abductor muscles, makes calculating the intensity of hip 
abductor muscles hard which makes it difficult to predict a maximum unipedal stance 
time. That is because the subject can potentially let most of the demand be carried by the 
ITM and rest their abductor muscles. (Chapter 3) 
• All the quasistatic OLB states may not fall inside the boundaries of the FBR. That is 
because our original derivation of FBR did not consider the contribution of ITM to 
resisting the hip abduction moment demand of OLB. (Chapter 3) 
• Having to rely on the ITM for maintaining OLB, makes the hip strategy less effective in 
avoiding lateral falls by decreasing the rate of torque development available from the 
abductor muscles in response to a potential perturbation. (Chapter 3) 
• All twenty young subjects and the majority, 13 out of 18, of older subjects succeeded in 
performing the HTS locomotion task. (Chapter 4) 
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• DTH showed substantially more within-subject and between-subject variability than 
DTA. (Chapter 4) 
• The results suggests that longer unipedal stance times are a necessary but not sufficient 
condition for success in our HTS locomotion task. (Chapter 4) 
• Hip internal-external rotation strength was the only lower extremity strength that showed 
a significant correlation with the primary outcome capacity measure (DTH). (Chapter 4) 
• Measured DTH values were significantly higher in the lateral direction during heel-toe 
transitions of the center of pressure, and in younger subjects. (Chapter 4) 
• We found no evidence for a sex difference in the measured DTH values. (Chapter 4) 
• A single HTS step in the lateral direction was on average two to six times more effective 
in changing the angular velocity of the body than exerting maximum ankle inversion 
moment in the same amount of time. (Chapter 4) 
• HTS strategy is at least as effective as the ‘Ankle Strategy’ and the ‘Hip Strategy’ in 
recovering OLB. (Chapters 2, 3, and 4) 
• To avoid a lateral OLB fall, one should bring the COP under the stance foot as far 
laterally as possible, use their maximum hip abduction strength the raise their pelvic 
inclination angle as rapidly as possible, and initiate rapid HTS steps to get the stance 
ankle ahead of the COM. (Chapters 2, 3, and 4) 
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CHAPTER 7 
Suggestions for Future Research 
 
• Investigating the iliotibial mechanism by measuring the material properties of the proximal 
region of the IT band, measuring myoelectric activity of the muscles that insert onto it as 
well as the other abductor muscles, and developing a model for the synergy between the IT 
band mechanism and the abductor and adductor muscles surrounding the hip joint. A better 
understanding of this mechanism (3.4.2.1) allows us to incorporate it with the equations of 
motion of the double inverted pendulum leading to better estimates for the FBR (2.3.1, 3.3.2, 
and 3.4.3), hip abduction moment demand of OLB on the abductor muscles (2.3.5 and 3.3.3), 
endurance times (3.3.5), and effectiveness of the hip strategy for recovering OLB (2.4.2). 
• Three-dimensional dynamic analysis of one-legged balance for investigating the 
momentum plane change strategy (explained in limitation 6). 
• Three-dimensional dynamic analysis of the heel-toe shuffle strategy for understanding the 
causal relationship between the strengths and the HTS capacity. This in turn allows the 
physical therapists to have a more focused HTS training regimen. 
• Study of HTS strategy with patients with different levels of mobility deficits. Some possible 





Deriving the Equations of Motion for the Double Inverted Pendulum Model 
 
I. Kinematics of the 3-link double inverted pendulum model 
𝑔𝑔𝐼𝐼1 = 𝑔𝑔𝑆𝑆 + 𝑙𝑙 𝑘𝑘�1 
𝑔𝑔𝐻𝐻 = 𝑔𝑔𝑆𝑆 + ℎ 𝑘𝑘�1 
𝑔𝑔𝐼𝐼2 = 𝑔𝑔𝐻𝐻 + 𝑔𝑔 𝑘𝑘�2 = 𝑔𝑔𝑠𝑠 + ℎ 𝑘𝑘�1 + 𝑔𝑔 𝑘𝑘�2 
 
?⃗?𝑇𝐼𝐼1 = ?⃗?𝑇𝑆𝑆 + ?⃗?𝑇𝐺𝐺𝐹𝐹𝑟𝑟 + ?̇?𝛥1 𝚥𝚥̂ × 𝑙𝑙 𝑘𝑘�1 
?⃗?𝑇𝐼𝐼1 = ?⃗?𝑇𝑆𝑆 + �𝑙𝑙?̇?𝛥1� 𝚤𝚤1̂ 
?⃗?𝑇𝐻𝐻 = ?⃗?𝑇𝑆𝑆 + �ℎ?̇?𝛥1� 𝚤𝚤1̂ 
?⃗?𝑇𝐼𝐼2 = ?⃗?𝑇𝐻𝐻 + �?̇?𝛥1 + ?̇?𝛥2�𝚥𝚥̂ × 𝑔𝑔 𝑘𝑘�2 
?⃗?𝑇𝐼𝐼2 = ?⃗?𝑇𝑆𝑆 + �ℎ?̇?𝛥1� 𝚤𝚤1̂ + 𝑔𝑔�?̇?𝛥1 + ?̇?𝛥2� 𝚤𝚤̂2 
 
?⃗?𝑎𝐼𝐼1 = ?⃗?𝑎𝑆𝑆 + ?⃗?𝑎𝐺𝐺𝐹𝐹𝑟𝑟 + 2𝜔𝜔�⃗ 𝑂𝑂 × ?⃗?𝑇𝐺𝐺𝐹𝐹𝑟𝑟 + ?̈?𝛥1 𝚥𝚥̂ × 𝑙𝑙 𝑘𝑘�1 + ?̇?𝛥1 𝚥𝚥̂ × (?̇?𝛥1𝚥𝚥̂ × 𝑙𝑙 𝑘𝑘�1) 
?⃗?𝑎𝐼𝐼1 = ?⃗?𝑎𝑆𝑆 + 𝑙𝑙?̈?𝛥1 𝚤𝚤1̂ − 𝑙𝑙?̇?𝛥1
2 𝑘𝑘�1, 









𝑙𝑙?̈?𝛥1 cos(𝛥𝛥1) − 𝑙𝑙?̇?𝛥1
2 sin(𝛥𝛥1)
0





?⃗?𝑎𝐻𝐻 = ?⃗?𝑎𝑆𝑆 + �ℎ?̈?𝛥1�𝚤𝚤1̂ − ℎ?̇?𝛥1
2 𝑘𝑘�1 
?⃗?𝑎𝐼𝐼2 = ?⃗?𝑎𝐻𝐻 + �?̈?𝛥1 + ?̈?𝛥2�𝚥𝚥̂ × 𝑔𝑔 𝑘𝑘�2 + �?̇?𝛥1 + ?̇?𝛥2�𝚥𝚥̂ × ��?̇?𝛥1 + ?̇?𝛥2�𝚥𝚥̂ × 𝑔𝑔 𝑘𝑘�2� 







?⃗?𝑎𝐼𝐼2 = ?⃗?𝑎𝑆𝑆 + �
ℎ?̈?𝛥1 cos(𝛥𝛥1) − ℎ?̇?𝛥1
2 sin(𝛥𝛥1)
0












?⃗?𝑎𝐼𝐼2 = ?⃗?𝑎𝑆𝑆 + �
ℎ?̈?𝛥1 cos(𝛥𝛥1) − ℎ?̇?𝛥1
2 sin(𝛥𝛥1)
0





𝑔𝑔�?̈?𝛥1 + ?̈?𝛥2� sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) + 𝑔𝑔�?̇?𝛥1 + ?̇?𝛥2�
2
cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
0
𝑔𝑔�?̈?𝛥1 + ?̈?𝛥2� cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) − 𝑔𝑔�?̇?𝛥1 + ?̇?𝛥2�
2







II. Dynamics of the double inverted pendulum model 









∑ ?⃗?𝐹 = ?⃗?𝐹𝑆𝑆 + 𝑀𝑀1�?⃗?𝑔 − ?⃗?𝑎𝐼𝐼1� − ?⃗?𝐹𝐻𝐻 = 0 ↔, 
 
𝐹𝐹𝑆𝑆𝑚𝑚 = 𝐹𝐹𝐻𝐻𝑚𝑚 + 𝑀𝑀1𝑎𝑎𝐼𝐼1𝑚𝑚 →, 
𝐹𝐹𝑆𝑆𝑚𝑚 = 𝐹𝐹𝐻𝐻𝑚𝑚 + 𝑀𝑀1 �?̈?𝑥𝑆𝑆 + 𝑙𝑙?̈?𝛥1 cos(𝛥𝛥1) −
𝑙𝑙?̇?𝛥1
2 sin(𝛥𝛥1)� →,𝐹𝐹𝑆𝑆𝑚𝑚 = 𝐹𝐹𝐻𝐻𝑚𝑚 + 𝑀𝑀1?̈?𝑥𝑆𝑆 +
𝑀𝑀1𝑙𝑙?̈?𝛥1 cos(𝛥𝛥1) −𝑀𝑀1𝑙𝑙?̇?𝛥1
2 sin(𝛥𝛥1), 
Inverse Dynamics Equation 1 
𝐹𝐹𝑆𝑆𝑆𝑆 = 𝐹𝐹𝐻𝐻𝑆𝑆 + 𝑀𝑀1�𝑎𝑎𝐼𝐼1𝑆𝑆 + 𝑔𝑔� →, 
𝐹𝐹𝑆𝑆𝑆𝑆 = 𝐹𝐹𝐻𝐻𝑆𝑆 + 𝑀𝑀1 �−𝑙𝑙?̈?𝛥1 sin(𝛥𝛥1) − 𝑙𝑙?̇?𝛥1
2 cos(𝛥𝛥1) + 𝑔𝑔� →, 
𝐹𝐹𝑆𝑆𝑆𝑆 = 𝑀𝑀1𝑔𝑔 + 𝐹𝐹𝐻𝐻𝑆𝑆 − 𝑀𝑀1𝑙𝑙?̈?𝛥1 sin(𝛥𝛥1) −𝑀𝑀1𝑙𝑙?̇?𝛥1
2 cos(𝛥𝛥1), 
Inverse Dynamics Equation 2 
∑𝑀𝑀��⃗ 𝐼𝐼1 = (𝐸𝐸1 − 𝐸𝐸2) 𝚥𝚥̂ − 𝑙𝑙 𝑘𝑘�1 × ?⃗?𝐹𝑆𝑆 − (ℎ − 𝑙𝑙)𝑘𝑘�1 × ?⃗?𝐹𝐻𝐻 = 𝑡𝑡1?̈?𝛥1 𝚥𝚥̂  ↔, 
(𝐸𝐸1 − 𝐸𝐸2) − 𝐹𝐹𝑆𝑆𝑚𝑚𝑙𝑙 cos(𝛥𝛥1) + 𝐹𝐹𝑆𝑆𝑆𝑆𝑙𝑙 sin(𝛥𝛥1) − 𝐹𝐹𝐻𝐻𝑚𝑚(ℎ − 𝑙𝑙) cos(𝛥𝛥1) + 𝐹𝐹𝐻𝐻𝑆𝑆(ℎ − 𝑙𝑙) sin(𝛥𝛥1) = 𝑡𝑡1?̈?𝛥1, 
Inverse Dynamics Equation 3 
Rest of the Body: 




𝐹𝐹𝐻𝐻𝑚𝑚 = 𝑀𝑀2𝑎𝑎𝐼𝐼2𝑚𝑚 →, 
𝐹𝐹𝐻𝐻𝑚𝑚 = 𝑀𝑀2?̈?𝑥𝑆𝑆 + 𝑀𝑀2ℎ?̈?𝛥1 cos(𝛥𝛥1) −𝑀𝑀2ℎ?̇?𝛥1
2 sin(𝛥𝛥1) + 𝑀𝑀2𝑔𝑔�?̈?𝛥1 + ?̈?𝛥2� sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) +
𝑀𝑀2𝑔𝑔�?̇?𝛥1 + ?̇?𝛥2�
2
cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼), 
Inverse Dynamics Equation 4 
𝐹𝐹𝐻𝐻𝑆𝑆 = 𝑀𝑀2𝑔𝑔 + 𝑀𝑀2𝑎𝑎𝐼𝐼2𝑆𝑆 →, 
𝐹𝐹𝐻𝐻𝑆𝑆 = 𝑀𝑀2𝑔𝑔 −𝑀𝑀2ℎ?̈?𝛥1 sin(𝛥𝛥1) −𝑀𝑀2ℎ?̇?𝛥1
2 cos(𝛥𝛥1) + 𝑀𝑀2𝑔𝑔�?̈?𝛥1 + ?̈?𝛥2� cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) −
𝑀𝑀2𝑔𝑔�?̇?𝛥1 + ?̇?𝛥2�
2
sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼), 
Inverse Dynamics Equation 5 
∑𝑀𝑀��⃗ 𝐼𝐼2 = 𝐸𝐸2 𝚥𝚥̂ − 𝑔𝑔 𝑘𝑘�2 × ?⃗?𝐹𝐻𝐻 = 𝑡𝑡2(?̈?𝛥1 + ?̈?𝛥2)𝚥𝚥̂ →, 
𝐸𝐸2 − 𝐹𝐹𝐻𝐻𝑚𝑚𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) − 𝐹𝐹𝐻𝐻𝑆𝑆𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) = 𝑡𝑡2(?̈?𝛥1 + ?̈?𝛥2), 
Inverse Dynamics Equation 6 
 
Replace FS values into Inverse Dynamics Equation 3: 
(𝐸𝐸1 − 𝐸𝐸2) − �𝐹𝐹𝐻𝐻𝑚𝑚 + 𝑀𝑀1?̈?𝑥𝑆𝑆 + 𝑀𝑀1𝑙𝑙?̈?𝛥1 cos(𝛥𝛥1) −𝑀𝑀1𝑙𝑙?̇?𝛥1
2 sin(𝛥𝛥1)� 𝑙𝑙 cos(𝛥𝛥1) + �𝑀𝑀1𝑔𝑔 + 𝐹𝐹𝐻𝐻𝑆𝑆 −
𝑀𝑀1𝑙𝑙?̈?𝛥1 sin(𝛥𝛥1) −𝑀𝑀1𝑙𝑙?̇?𝛥1
2 cos(𝛥𝛥1)� 𝑙𝑙 sin(𝛥𝛥1) − 𝐹𝐹𝐻𝐻𝑚𝑚(ℎ − 𝑙𝑙) cos(𝛥𝛥1) + 𝐹𝐹𝐻𝐻𝑆𝑆(ℎ − 𝑙𝑙) sin(𝛥𝛥1) = 𝑡𝑡1?̈?𝛥1, 
 
And now replace FH values in the above equation: 
(𝐸𝐸1 − 𝐸𝐸2) − �𝑀𝑀1?̈?𝑥𝑆𝑆 + 𝑀𝑀1𝑙𝑙?̈?𝛥1 cos(𝛥𝛥1) −𝑀𝑀1𝑙𝑙?̇?𝛥1
2 sin(𝛥𝛥1)� 𝑙𝑙 cos(𝛥𝛥1) + �𝑀𝑀1𝑔𝑔 −𝑀𝑀1𝑙𝑙?̈?𝛥1 sin(𝛥𝛥1) −
𝑀𝑀1𝑙𝑙?̇?𝛥1
2 cos(𝛥𝛥1)� 𝑙𝑙 sin(𝛥𝛥1) − �𝑀𝑀2?̈?𝑥𝑆𝑆 + 𝑀𝑀2ℎ?̈?𝛥1 cos(𝛥𝛥1) −𝑀𝑀2ℎ?̇?𝛥1
2 sin(𝛥𝛥1) + 𝑀𝑀2𝑔𝑔�?̈?𝛥1 +
?̈?𝛥2� sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) + 𝑀𝑀2𝑔𝑔�?̇?𝛥1 + ?̇?𝛥2�
2
cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)� ℎ cos(𝛥𝛥1) + �𝑀𝑀2𝑔𝑔 −
𝑀𝑀2ℎ?̈?𝛥1 sin(𝛥𝛥1) −𝑀𝑀2ℎ?̇?𝛥1
2 cos(𝛥𝛥1) + 𝑀𝑀2𝑔𝑔�?̈?𝛥1 + ?̈?𝛥2� cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) −𝑀𝑀2𝑔𝑔�?̇?𝛥1 +
?̇?𝛥2�
2
sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)� ℎ sin(𝛥𝛥1) = 𝑡𝑡1?̈?𝛥1 →, 
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(𝐸𝐸1 − 𝐸𝐸2) −𝑀𝑀1𝑙𝑙 cos(𝛥𝛥1) ?̈?𝑥𝑆𝑆 − 𝑀𝑀1𝑙𝑙2 cos(𝛥𝛥1)2 ?̈?𝛥1 + 𝑀𝑀1𝑙𝑙2 sin(𝛥𝛥1) cos(𝛥𝛥1) ?̇?𝛥1
2 + 𝑀𝑀1𝑔𝑔𝑙𝑙 sin(𝛥𝛥1) −
𝑀𝑀1𝑙𝑙2 sin(𝛥𝛥1)2 ?̈?𝛥1 − 𝑀𝑀1𝑙𝑙2 sin(𝛥𝛥1) cos(𝛥𝛥1) ?̇?𝛥1
2 − 𝑀𝑀2ℎ cos(𝛥𝛥1) ?̈?𝑥𝑆𝑆 − 𝑀𝑀2ℎ2 cos(𝛥𝛥1)2 ?̈?𝛥1 +
𝑀𝑀2ℎ2 sin(𝛥𝛥1) cos(𝛥𝛥1) ?̇?𝛥1
2 − 𝑀𝑀2𝑔𝑔ℎ sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) cos(𝛥𝛥1) �?̈?𝛥1 + ?̈?𝛥2� −𝑀𝑀2𝑔𝑔ℎ cos(𝛥𝛥1 + 𝛥𝛥2 +
𝛼𝛼) cos(𝛥𝛥1) �?̇?𝛥1 + ?̇?𝛥2�
2
+ 𝑀𝑀2𝑔𝑔ℎ sin(𝛥𝛥1) −𝑀𝑀2ℎ2 sin(𝛥𝛥1)2 ?̈?𝛥1 − 𝑀𝑀2ℎ2 sin(𝛥𝛥1) cos(𝛥𝛥1) ?̇?𝛥1
2 +





𝐸𝐸1 − 𝐸𝐸2 + (𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ)𝑔𝑔 sin(𝛥𝛥1) − (𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) cos(𝛥𝛥1) ?̈?𝑥𝑆𝑆 − 𝑀𝑀2𝑔𝑔ℎ sin(𝛥𝛥2 + 𝛼𝛼) �?̈?𝛥1 + ?̈?𝛥2� −
𝑀𝑀2𝑔𝑔ℎ cos(𝛥𝛥2 + 𝛼𝛼) �?̇?𝛥1 + ?̇?𝛥2�
2
= (𝑡𝑡1 + 𝑀𝑀1𝑙𝑙2 + 𝑀𝑀2ℎ2)?̈?𝛥1, 
Double Inverted Pendulum Equation 1 
Similarly replace FH values into Inverse Dynamics Equation 6: 
𝐸𝐸2 − 𝑀𝑀2𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) ?̈?𝑥𝑆𝑆 − 𝑀𝑀2ℎ𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) cos(𝛥𝛥1) ?̈?𝛥1 + 𝑀𝑀2ℎ𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 +
𝛼𝛼) sin(𝛥𝛥1) ?̇?𝛥1
2 − 𝑀𝑀2𝑔𝑔2 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)2 �?̈?𝛥1 + ?̈?𝛥2� − 𝑀𝑀2𝑔𝑔2 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) cos(𝛥𝛥1 + 𝛥𝛥2 +
𝛼𝛼) �?̇?𝛥1 + ?̇?𝛥2�
2
− 𝑀𝑀2𝑔𝑔𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) + 𝑀𝑀2ℎ𝑔𝑔 sin(𝛥𝛥1) cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) ?̈?𝛥1 +
𝑀𝑀2ℎ𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) cos(𝛥𝛥1) ?̇?𝛥1
2 − 𝑀𝑀2𝑔𝑔2 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)2 �?̈?𝛥1 + ?̈?𝛥2� + 𝑀𝑀2𝑔𝑔2 sin(𝛥𝛥1 +
𝛥𝛥2 + 𝛼𝛼) cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) �?̇?𝛥1 + ?̇?𝛥2�
2
= 𝑡𝑡2(?̈?𝛥1 + ?̈?𝛥2) →, 
 
𝐸𝐸2 − 𝑀𝑀2𝑔𝑔𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) −𝑀𝑀2𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) ?̈?𝑥𝑆𝑆 − 𝑀𝑀2ℎ𝑔𝑔 sin(𝛥𝛥2 + 𝛼𝛼) ?̈?𝛥1 +
𝑀𝑀2ℎ𝑔𝑔 cos(𝛥𝛥2 + 𝛼𝛼) ?̇?𝛥1
2 = (𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2)�?̈?𝛥1 + ?̈?𝛥2�, 




III. Equations of Motion for the 3-Link Double Inverted Pendulum Model with a Moving 
Base 
Since in Chapter 2 we use (𝛥𝛥1,𝛥𝛥2) as our states, here we will arrange Double Inverted 
Pendulum Equation 1 and Double Inverted Pendulum Equation 2 to have them in matrix format: 
 
�𝑡𝑡1 + 𝑀𝑀1𝑙𝑙
2 + 𝑀𝑀2ℎ2 + 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼)





(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) cos(𝛥𝛥1)







(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ)𝑔𝑔 sin(𝛥𝛥1) −𝑀𝑀2𝑔𝑔ℎ cos(𝛥𝛥2 + 𝛼𝛼) �?̇?𝛥1 + ?̇?𝛥2�
2
−𝑀𝑀2𝑔𝑔𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) + 𝑀𝑀2ℎ𝑔𝑔 cos(𝛥𝛥2 + 𝛼𝛼) ?̇?𝛥1
2 �, where: 
 
[𝑀𝑀𝑀𝑀] = �𝑡𝑡1 + 𝑀𝑀1𝑙𝑙
2 + 𝑀𝑀2ℎ2 + 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼)
𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2 + 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) (𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2)
�, 
[𝑎𝑎𝑎𝑎] = �1 −1 −
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) cos(𝛥𝛥1)
0 1 −𝑀𝑀2𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
�,  
{𝐶𝐶𝐶𝐶} = �
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ)𝑔𝑔 sin(𝛥𝛥1) −𝑀𝑀2𝑔𝑔ℎ cos(𝛥𝛥2 + 𝛼𝛼) �?̇?𝛥1 + ?̇?𝛥2�
2








� + {𝐶𝐶𝐶𝐶} 
�?̈?𝛥1
?̈?𝛥2




� + [𝑀𝑀𝑀𝑀]−1{𝐶𝐶𝐶𝐶} 




IV. Angular Acceleration of the COM Relative to the Stance Ankle: 
Given (𝛥𝛥1,𝛥𝛥2), we can calculate the tangent of the angle that COM 
makes with the vertical line (𝛥𝛥). 
 










= (1 + tan(𝛥𝛥)2)?̇?𝛥 = (1 + 𝜋𝜋2)?̇?𝛥 
𝑀𝑀𝛥𝛥𝑀𝑀 2: 
𝑎𝑎 �(1 + tan(𝛥𝛥)2)?̇?𝛥�
𝑎𝑎𝑡𝑡



















































Now we put LHS and RHS together again: 































LHS 2 and RHS 2 are equal. Then: 
































































































































Now we need to calculate 𝜋𝜋(𝛥𝛥1,𝛥𝛥2) from the 
kinematics of OLB: 
(𝑀𝑀1 + 𝑀𝑀2) 𝑔𝑔𝐶𝐶𝑂𝑂𝐼𝐼 = 𝑀𝑀1𝑔𝑔𝐼𝐼1 + 𝑀𝑀2𝑔𝑔𝐼𝐼2 
(𝑀𝑀1 + 𝑀𝑀2) (𝑔𝑔𝑆𝑆 + 𝑔𝑔𝑆𝑆−𝐶𝐶𝑂𝑂𝐼𝐼)
= 𝑀𝑀1�𝑔𝑔𝑆𝑆 + 𝑙𝑙 𝑘𝑘�1� + 𝑀𝑀2(𝑔𝑔𝑠𝑠 + ℎ 𝑘𝑘�1
+ 𝑔𝑔 𝑘𝑘�2) 
(𝑀𝑀1 + 𝑀𝑀2) 𝑔𝑔𝑆𝑆−𝐶𝐶𝑂𝑂𝐼𝐼 = (𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) 𝑘𝑘�1 + 𝑀𝑀2𝑔𝑔 𝑘𝑘�2 
(𝑀𝑀1 + 𝑀𝑀2) 𝑔𝑔𝑆𝑆−𝐶𝐶𝑂𝑂𝐼𝐼
= (𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) �sin(𝛥𝛥1) 𝚤𝚤̂0
+ cos(𝛥𝛥1)𝑘𝑘�0�
+ 𝑀𝑀2𝑔𝑔�− cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) 𝚤𝚤̂0
+ sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)𝑘𝑘�0� 




𝜋𝜋(𝛥𝛥1,𝛥𝛥2) = tan(𝛥𝛥) =  
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) sin(𝛥𝛥1) −𝑀𝑀2𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) cos(𝛥𝛥1) + 𝑀𝑀2𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
 
𝑇𝑇 = (𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ), 𝑄𝑄 = 𝑀𝑀2𝑔𝑔, then 
𝜋𝜋(𝛥𝛥1,𝛥𝛥2) = tan(𝛥𝛥) =  
𝑇𝑇 sin(𝛥𝛥1) − 𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
 
1 + 𝜋𝜋2 =
𝑇𝑇2 + 𝑄𝑄2 + 2𝑇𝑇𝑄𝑄 sin(𝛥𝛥2 + 𝛼𝛼)










[𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]2 + [𝑇𝑇 sin(𝛥𝛥1) −𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]2
[𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]2












𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) × [𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]− 𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) × [𝑇𝑇 sin(𝛥𝛥1)− 𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]






𝑄𝑄2 + 𝑇𝑇𝑄𝑄 sin(𝛥𝛥2 + 𝛼𝛼)













𝑇𝑇𝑄𝑄 cos(𝛥𝛥2 + 𝛼𝛼) [𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]2 − 2 [𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼) [𝑄𝑄2 + 𝑇𝑇𝑄𝑄 sin(𝛥𝛥2 + 𝛼𝛼)]






𝑇𝑇𝑄𝑄 cos(𝛥𝛥2 + 𝛼𝛼)
[𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]2
−
2 𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)








If we are in a quasi-static OLB state, we can move the COM medially or laterally using 
any of our three control mechanisms, namely ankle torque, hip abduction moment, and HTS. To 
decide which direction to exert the control we have to combine Double Inverted Pendulum 
Equation 3 and Equation 10. First Equation 10: 


















































� + 𝑔𝑔�𝛥𝛥1,𝛥𝛥2, ?̇?𝛥1, ?̇?𝛥2,𝑇𝑇,𝑄𝑄�  
Now Double Inverted Pendulum Equation 3: 
�?̈?𝛥1
?̈?𝛥2




� + [𝑀𝑀𝑀𝑀]−1{𝐶𝐶𝐶𝐶} 























+ 𝑔𝑔(𝛥𝛥1,𝛥𝛥2, ?̇?𝛥1, ?̇?𝛥2,𝑇𝑇,𝑄𝑄) 
Equation 11- Angular Acceleration of the COM of a 3-Link Double Inverted Pendulum with Respect to the Stance Foot 
[𝑀𝑀𝑀𝑀] = �𝑡𝑡1 + 𝑀𝑀1𝑙𝑙
2 + 𝑀𝑀2ℎ2 + 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼)
𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2 + 𝑀𝑀2ℎ𝑔𝑔 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) (𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2)
�, 
[𝑎𝑎𝑎𝑎] = �1 −1 −
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) cos(𝛥𝛥1)
0 1 −𝑀𝑀2𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
�,  
{𝐶𝐶𝐶𝐶} = �
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ)𝑔𝑔 sin(𝛥𝛥1) −𝑀𝑀2𝑔𝑔ℎ cos(𝛥𝛥2 + 𝛼𝛼) �?̇?𝛥1 + ?̇?𝛥2�
2





V. Strategies for Creating Maximum COM Acceleration in the Medial and Lateral 
Directions during OLB: 
Regardless of our initial state, our control over the dynamics of the OLB is limited to the 
first term in Equation 11. The other terms are all inertial terms related to the gravity and current 
velocities. 









P = (M1 l + M2 h) and Q = (M2 r) 
𝜋𝜋(𝛥𝛥1,𝛥𝛥2) = tan(𝛥𝛥) =  
𝑇𝑇 sin(𝛥𝛥1) − 𝑄𝑄 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)














�(1 + 𝜋𝜋2) �
𝑄𝑄2 + 𝑇𝑇𝑄𝑄 sin(𝛥𝛥2 + 𝛼𝛼)
[𝑇𝑇 cos(𝛥𝛥1) + 𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)]2
�� → 
 
[𝐺𝐺𝐺𝐺] = �1 �
𝑄𝑄2 + 𝑇𝑇𝑄𝑄 sin(𝛥𝛥2 + 𝛼𝛼)
𝑇𝑇2 + 𝑄𝑄2 + 2𝑇𝑇𝑄𝑄 sin(𝛥𝛥2 + 𝛼𝛼)
�� 
[𝑀𝑀𝑀𝑀] = �𝑡𝑡1 + 𝑀𝑀1𝑙𝑙
2 + 𝑀𝑀2ℎ2 + 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) 𝑀𝑀2𝑔𝑔ℎ 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼)
𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2 + 𝑀𝑀2ℎ𝑔𝑔 𝑇𝑇𝑡𝑡𝑎𝑎(𝛥𝛥2 + 𝛼𝛼) 𝑡𝑡2 + 𝑀𝑀2𝑔𝑔2
�, 
[𝑎𝑎𝑎𝑎] = �1 −1 −
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ) cos(𝛥𝛥1)
0 1 −𝑀𝑀2𝑔𝑔 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
� = �1 −1 −𝑇𝑇 cos
(𝛥𝛥1)
0 1 −𝑄𝑄 sin(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
� 
 
We calculated [𝐾𝐾𝐴𝐴𝑚𝑚𝐴𝐴𝑟𝑟𝐹𝐹 𝐾𝐾𝐻𝐻𝑚𝑚𝐻𝐻 𝐾𝐾𝐻𝐻𝐸𝐸𝑆𝑆] for all the states within the range of motion. The 
signs never change. Here is a summary: 
[𝐾𝐾𝐴𝐴𝑚𝑚𝐴𝐴𝑟𝑟𝐹𝐹 ± (𝑀𝑀𝑎𝑎) 𝐾𝐾𝐻𝐻𝑚𝑚𝐻𝐻 ± (𝑀𝑀𝑎𝑎) 𝐾𝐾𝐻𝐻𝐸𝐸𝑆𝑆 ± (𝑀𝑀𝑎𝑎)]
= [0.015 ± (2𝑇𝑇 − 4) −0.0147 ± (6𝑇𝑇 − 4) −0.99 ± (0.024)] 
So at any state of OLB, to move the COM laterally (?̈?𝛥 > 0), we should increase ankle 
torque (take the COP towards the medial margin of BOS), decrease hip abduction moment (drop 
the pelvis), and shuffle the stance foot medially. Reversely, if we want to move the COM 
medially (?̈?𝛥 < 0) e.g. to avoid a lateral fall on the hip, we should decrease the ankle torque (take 
the COP toward the lateral margin of BOS), increase hip abduction moment (raise the pelvis), 
and shuffle the stance foot laterally. 
 139 
Having the same strategy for moving the COM medially and laterally does not imply that 
we will be successful in doing so. The magnitude of the initial momentum of the body and the 
gravitational pull have to be considered. Since in this dissertation, we are mostly concerned with 
quasi-static OLB, we can assume (?̇?𝛥1 ≈ ?̇?𝛥0 ≈ 0). This will simplify Equation 11 to just have the 
effect of the gravitational forces. 




� + [𝐺𝐺𝐺𝐺][𝑀𝑀𝑀𝑀]−1{𝐶𝐶𝐶𝐶}, where: 
{𝐶𝐶𝐶𝐶} = �
(𝑀𝑀1𝑙𝑙 + 𝑀𝑀2ℎ)𝑔𝑔 sin(𝛥𝛥1)
−𝑀𝑀2𝑔𝑔𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
� = � 𝑇𝑇𝑔𝑔 sin
(𝛥𝛥1)
−𝑄𝑄𝑔𝑔 cos(𝛥𝛥1 + 𝛥𝛥2 + 𝛼𝛼)
� 
Since there are no data available in the literature for the achievable accelerations of the 
stance foot using the HTS method, and also the periodic and discontinuous nature of the HTS 
strategy, we will assume (?̈?𝑥𝑆𝑆 ≈ 0) in Chapter 2. We will revisit this assumption when we are 




Simulation of the Planar Movements of a Double Inverted Pendulum Model with Range of 
Motion Constraints 
 
Equations of motion for the double inverted pendulum model were derived in Appendix 
I. To simulate the movements of the model, we can set up our equations in the following manner: 
𝑋𝑋 = (𝛥𝛥1, ?̇?𝛥1,𝛥𝛥2, ?̇?𝛥2)′ → ?̇?𝑋 = (?̇?𝛥1, ?̈?𝛥1, ?̇?𝛥2, ?̈?𝛥2)′, 
Where we replace the values for (?̈?𝛥1, ?̈?𝛥2) from Double Inverted Pendulum Equation 3. 
Numerically solving the above non-linear differential equation using MATLAB © is common in 
many fields. So we will not include it here. However, there are certain assumptions that needs 
further explanations. In the following sections the important assumptions that were used in 
solving the above differential equation in MALAB are discussed. 
I. Enforcing the ROM Constraint for the Stance Hip and Ankle ROM 
Enforcing the end of ROM for the stance hip is very important for the results of Sections 
2.4.2 and 2.4.3 where we consider how using the hip strategy can expand the boundaries of the 
FBR to be able to recover from more quasi-static initial states. The large hip abduction / 
adduction moments can rapidly change the angular momentum of the upper body and therefore 
affect the angular acceleration of the COM relative to the BOS. However, this also means that 
using the hip strategy will cause the person to reach the end of ROM of the stance hip quickly. 
At the end of ROM, the ligaments surrounding the hip will exert a reverse moment in order to 
stop the joint from reaching the end of ROM with a high velocity, and therefore damaging the 
joint.  
To enforce the end of ROM, we split the hip moment to two parts: TActive and TPassive. The 
first one is the muscle-equivalent hip abduction/adduction moment. Since in our simulations, we 
were looking for the maximum effect from the ‘Hip Strategy’, the TActive value was set at the 
maximum hip abduction or adduction strength depending on whether we were trying to use the 
‘Hip Strategy’ to create a maximum medial or lateral acceleration of the COM respectively. We 
also included the force-length characteristics of the muscular isometric hip abduction/adduction 
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the same way we discussed in A3 in 2.2.1.1. On the other hand, TPassive is supposed to stop the 
hip abduction angle from reaching its end of ROM with a high velocity. So we defined its value 
by the relation (𝐸𝐸𝑃𝑃𝑚𝑚𝑠𝑠𝑠𝑠𝑚𝑚𝐺𝐺𝐹𝐹 = −𝑏𝑏(𝛥𝛥2) × ?̇?𝛥2), where b acts as a damping coefficient for the angular 
velocity of the stance hip (?̇?𝛥2). We set b to be close to zero in the middle of the ROM and 
increase exponentially near the two ends of ROM. We use a combination of error function to 
create the function for b as seen in Figure 44. 
Ankle ROM 
If we consider the foot to be glued to the 
ground, then θ1 is the ankle eversion angle. We 
used the end of ankle ROM as the termination 
criterion for the integration algorithm. This was 
based on the simple notion that given the 
narrow range of θ1 values seen in the FBR, 
should θ1 reach such high deviations, the 
balance should already passed recovery by any 
strategy.  
II. Criterion for Considering an Initial 
Quasistatic OLB State as Recoverable 
Starting from each quasistatic state 
within the hip and ankle ROM, we ran the 
simulations twice: once with maximum ankle 
inversion and maximum hip abduction 
moments to induce the maximum medial acceleration of the COM. On the second run, we 
reversed the ankle and hip moment signs to create the maximum lateral acceleration of COM. In 
terms of our criterion for recoverability of an initial OLB state, we considered if a person could 
make himself/herself fall both laterally and medially from an initial state, then there should have 
been a control strategy in the middle which could have brought the COM over the ankle. In terms 
of our simulations results, this translates to the sign of θ (the angle of the line connecting the 




Figure 44- Coefficient of Damping (b(θ2)) considered for 
calculating 𝐸𝐸𝑃𝑃𝑚𝑚𝑠𝑠𝑠𝑠𝑚𝑚𝐺𝐺𝐹𝐹 = −𝑏𝑏(𝛥𝛥2) × ?̇?𝛥2, which enforced the 
end of hip ROM. Our choice of 1000 for the maximum b and 
20 degrees for the start of the rise of b value was arbitrary. 
However, we checked for the sensitivity of the recoverable 
OLB states to these choices (1000 vs 500, and 20 degrees vs 
10 degrees) and did not observe a noticeable change in 
results. 
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Appendix III  
Quantifying the Sensitivity of the Calculated Mean Intensity of the Hip Abduction Moment 
Demand to Potential Biases in the Calculations 
 
I. Assumptions 
Three assumptions were made 
for this analysis: 
Quasistatic hip abduction moment can 
be used to estimate the mean hip 
abduction moment demand during 
OLB  
Figure 45 shows the mean hip 
abduction moment demand estimated 
from the full dynamics equations of 
motion for the subject specific 3-link 
double inverted pendulum model 
parameters and recorded states during 
the OLB trial vs. the static estimate of 
hip abduction moment calculated from 
mean value for the parameters of the 
same model and mean value of the 
states. We can see that the two 
parameters are close to a one-to-one match (R2 = 99%, slop = 1.01). In other words, the subjects’ 
OLB states were not dynamic enough to render a quasistatic estimate of the hip abduction 
moment demand incorrect. So in the remainder of this section, we will use the parameters in the 
quasistatic formula for the hip abduction moment to analyze the sensitivity of our estimates for 
the intensity of the hip abduction moment to different sources of error. 
 
 
Figure 45- Mean hip abduction moment demand (estimated from 
inverse dynamic calculations) vs. quasistatic estimate of the hip 
abduction moment (calculated from mean value of r, cos(γ), and M2). 
We can see that both estimates are in close agreement with each other 
(R2 = 99%). Please see 3.2.3.1 for definitions of the parameters and 
2.2.1 for the calculations that show why M2.r.cos (γ) is the quasistatic 
hip abduction moment). 
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Young subjects only  
Since more data in the literature for younger subjects, we will use only the data from our 
young subjects as well. This allows us to make a comparison between our measurements and 
those of the literature to find any biases that could affect our calculation of the intensity of the 
hip abduction moment demand during OLB. 
II. Applying biases in the direction that would reduce the estimated mean intensity of hip 
abduction moment demand 
Here, we are quantifying the effect of biases in our measurement to examine if our 
estimations of the intensity are exaggerated. 
Methods 
The formula for calculating the intensity of hip abduction moment demand during OLB 
(%MVS) can be seen below: 
% 𝑀𝑀𝑀𝑀𝑀𝑀 =  
𝑀𝑀2 × 𝑔𝑔 × 𝑔𝑔 cos 𝛾𝛾
𝑀𝑀𝑎𝑎𝑥𝑥 𝑀𝑀𝑀𝑀𝑙𝑙𝐹𝐹𝑎𝑎𝑡𝑡𝑎𝑎𝑔𝑔𝑦𝑦 𝛥𝛥𝑡𝑡𝐻𝐻 𝛥𝛥𝑏𝑏𝑎𝑎𝐹𝐹𝐴𝐴𝑡𝑡𝑡𝑡𝑀𝑀𝑎𝑎 𝑀𝑀𝑡𝑡𝑔𝑔𝑇𝑇𝑎𝑎𝑔𝑔𝑡𝑡ℎ
=
𝑀𝑀2
𝑎𝑎𝑀𝑀𝑎𝑎𝑦𝑦 𝑀𝑀𝑎𝑎𝑇𝑇𝑇𝑇 × 𝑔𝑔 cos 𝛾𝛾
𝑀𝑀𝑀𝑀𝑀𝑀
𝑎𝑎𝑀𝑀𝑎𝑎𝑦𝑦 𝑀𝑀𝑎𝑎𝑇𝑇𝑇𝑇 × 𝑔𝑔
=
𝑀𝑀2 × 𝑔𝑔 cos 𝛾𝛾
𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚𝑛𝑛𝐺𝐺𝑚𝑚𝑚𝑚𝑟𝑟𝑚𝑚𝑆𝑆𝐹𝐹𝐴𝐴 𝑏𝑏𝐺𝐺 𝑤𝑤𝐹𝐹𝑚𝑚𝐹𝐹ℎ𝐹𝐹
 
Equation 12- Equation for quasistatic estimation of the intensity of the hip abduction moment demand during OLB. M2 is the mass 
of the body without the stance leg, r is the distance between the stance hip and the center of mass of M2, and γ is the horizontal 
inclination angle of the line connecting the stance hip to the center of mass of M2. 
We can separate sources of bias in the calculation of intensity into three categories: m2, moment 
arm of M2, and hip abduction strength. Overestimating first two parameters and underestimating 
the hip abduction strength can lead to an exaggerated estimation of the intensity. 
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m2 (percent body weight of the mass being balanced over the stance hip) 
Table 15- Comparison of our estimate of m2 (percent body weight of the mass balancing over the stance leg) in young men (YM) 
and young women (YW) with the literature. 
  m₂ (% Body Weight) 
First Author YM YW 
Winter, D. A. [65] 83.9 83.9 
Dumas R. [96] 81.7 79.9 
Kingma I. [97] 78 78 
De Leva P. [98] 80.1 79.1 
Norton J. [99] 81.5 80.4 
This Study 82.4 81.1 
 
We reviewed our method for estimating the mass distribution for each subject in 3.2.2.4. 
For our young subjects the mean value for m2 was not significantly different between men and 
women (p = 0.19) and equal to 81.7% ([80.7, 82.7 %], 95% Mean Confidence Interval). Table 15 
shows our estimates for m2 along with well cited publications in the literature. The largest 
difference between the mean values for m2 compared to our study was the Kingma I. with 3.7% 
difference. This will be the bias that we will use in our calculations (𝜕𝜕𝑀𝑀2 = −3.7%). 
Moment Arm of M2 (r cos(γ)) 
We could not find reported values in the literature for the moment arm of M2 during. 
Estimating it from the anthropometry data also require making extra assumptions. For example 
the pelvis inclination angle affects γ, and the amount of the lateral bending of the trunk affect 
both r and γ. In 3.3.4 we showed that for our subjects, the pelvis inclination angle and lateral 
bending of the trunk did not change significantly during their OLB trial. So using an averaged 
value for each person was the logical choice. However, we also showed that the starting value for 
each of these variables was slightly different between groups and therefore different subjects. To 
quantify the potential bias in the calculations of the moment arm of M2 then, we separate the 
sources of error in our estimations into two separate groups: 
1) Locating the hip joint centers (𝑀𝑀𝐶𝐶𝑆𝑆𝑅𝑅𝐸𝐸𝑅𝑅𝐼𝐼𝑆𝑆𝐸𝐸): Unless there are x-rays of each subject’s pelvis 
[24, 25], the location of the hip joint centers cannot be located without inherent error. We 
estimated the RMSE for our functional method during the OLB trial to be between 2 to 20 mm 
with a mean value of 10 mm (3.2.2.3). This is the spatial error for the left hip joint center. To be 
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conservative we will assume all 10 mm mean RMSE to be in the lateral direction which would 
increase the moment arm by the same amount. 
2) Locating the center of mass of M2 (𝐶𝐶𝑆𝑆𝐺𝐺𝑅𝑅𝐼𝐼𝑆𝑆𝐸𝐸): We do not have a direct measurement of the 
error that we could have in locating the COM of the M2. This is because we do not have the real 
location of the COM for each person. For the whole body, we resorted to using an optimization 
algorithm that minimized the COG location calculated from the force data from the force plates 
with those calculated from the 3-link double inverted pendulum model. For the OLB trial, the 
RMSE between the two methods for all subjects ranged from 1.5 mm to 14 mm with a mean 
value of 5 mm. It will be a conservative estimate to use the RMSE and assume all of it is due to a 
bias of the location of M2 in the medial direction. 
 The two error sources above are not independent of each other. However, here we will 
treat them as independent and also assume both of them are in the direction that increases our 
estimate of the moment arm. This means we assume the stance hip was calculated to be more 
lateral than it actually is and the location of the M2 was closer to the stance hip in reality. Our 
assumption of independence also implies that we can just add the two assumed sources of bias to 
estimate a potential bias in the moment arm which would be: 𝜕𝜕(𝑔𝑔 cos 𝛾𝛾) = 𝑀𝑀𝐶𝐶𝑆𝑆𝑅𝑅𝐸𝐸𝑅𝑅𝐼𝐼𝑆𝑆𝐸𝐸 +
𝐶𝐶𝑆𝑆𝐺𝐺𝑅𝑅𝐼𝐼𝑆𝑆𝐸𝐸 = −0.010 − 0.005 = −0.015 𝑀𝑀 
 
Hip Abduction Strength Measurement 
Table 16- Comparison of the hip abduction strength measured in this study versus published data. If the reported strengths were 
not normalized by weight, we used the reported mean height and weight in each paper to change it to the normalized by weight 
format. 
  Hip Abduction Strength (N.m/N) 
First Author YM YW 
Crossley K.M. [100] 0.167 0.167 
Johnston R.C. [57] 0.122 -  
Cahalan T.D. [38] 0.150 0.125 
Johnson M.E. [101]  -  0.137 
Measured Strength 
in this Study 0.157 0.131 
Adjusted Strength in 
this Study 0.157 0.152 
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 Table 16 shows a comparison of the measurements of the hip abduction strength in this 
study vs. published literature data. We can see that only one source in the reviewed literature 
reports higher hip abduction strengths. Then: 𝜕𝜕(𝑀𝑀𝑀𝑀𝑀𝑀) = 0.015 𝑁𝑁.𝑀𝑀/𝑀𝑀 
III. Anticipated Effect of Bias in Parameter Estimations on the Calculated Intensity of Hip 
Abduction Moment Demand during OLB 
Table 17 shows the calculated effect of possible biases in estimation of m2, r cos(γ), and 
maximum voluntary hip abduction strength on the calculated intensity of the hip abduction 
moment demand. We can see that even if we assume all sources of error in the calculation of 
the intensity act as biases in the direction to increase the estimated intensity of the hip 
abduction moment demand, still the adjusted value for the calculated intensity is a substantial 
value (38% and 45% in younger men and women respectively). It should also be noted that the 
small discrepancy between the reported intensity between Table 11 and Table 17 is due to the 
first assumption in this section. 
Table 17- Calculated effect of possible biases in estimation of m2, r cos(γ), and maximum voluntary hip abduction strength on the 
calculated intensity of the hip abduction moment demand. m2 is the percent body weight of the mass being balance over the stance 
leg, r cos(γ) is the moment arm of m2. We can see that biases in the calculation of the moment arm can create the biggest change 
in the calculated intensity. The highlighted cells are the unlikely event that all three possible sources of bias act in the wrong 
direction at the same time. 
 
Mean Possible Bias Adjusted Intensity (%MVS) 




Women 81.1 56.5 




Women 0.111 51.2 




Women 0.152 53.9 
Intensity 
(%MVS) 
Men 52 13.5 38.4 




Deriving the Equations of Motion for a Single Inverted Pendulum with a Moving Base 
 
I. Kinematics 
𝑔𝑔𝐼𝐼����⃗ = 𝑔𝑔𝑆𝑆���⃗ + 𝑀𝑀 �
sin𝛥𝛥
cos 𝛥𝛥�, 
𝑇𝑇𝐼𝐼�����⃗ = 𝑇𝑇𝑆𝑆���⃗ + 𝑀𝑀?̇?𝛥 �
cos 𝛥𝛥
− sin𝛥𝛥�, 
𝑎𝑎𝐼𝐼�����⃗ = 𝑎𝑎𝑆𝑆����⃗ − 𝑀𝑀?̇?𝛥2 �
sin 𝛥𝛥
cos𝛥𝛥� + 𝑀𝑀?̈?𝛥 �
cos 𝛥𝛥
− sin𝛥𝛥�
≈ ?̈?𝑥𝑆𝑆 − 𝑀𝑀?̇?𝛥2 �
sin𝛥𝛥





∑𝐹𝐹𝑚𝑚 = 𝑀𝑀𝑎𝑎𝐼𝐼𝑚𝑚  →  𝐹𝐹𝑚𝑚 = 𝑀𝑀?̈?𝑥𝑆𝑆 − 𝑀𝑀𝑀𝑀?̇?𝛥2 sin𝛥𝛥 + 𝑀𝑀𝑀𝑀?̈?𝛥 cos 𝛥𝛥, 
∑𝐹𝐹𝑆𝑆 = 𝑀𝑀𝑎𝑎𝐼𝐼𝑆𝑆  →  𝐹𝐹𝑆𝑆 = 𝑀𝑀𝑔𝑔 −𝑀𝑀𝑀𝑀?̇?𝛥2 cos 𝛥𝛥 −𝑀𝑀𝑀𝑀?̈?𝛥 sin 𝛥𝛥, 
∑𝐸𝐸𝐶𝐶𝑂𝑂𝐼𝐼 = 𝑡𝑡?̈?𝛥  →  𝐸𝐸1 + 𝐹𝐹𝑆𝑆𝑀𝑀 sin𝛥𝛥 − 𝐹𝐹𝑚𝑚𝑀𝑀 cos 𝛥𝛥 = 𝑡𝑡?̈?𝛥, 
𝐸𝐸1 + �𝑀𝑀𝑔𝑔 −𝑀𝑀𝑀𝑀?̇?𝛥2 cos 𝛥𝛥 −𝑀𝑀𝑀𝑀?̈?𝛥 sin 𝛥𝛥�𝑀𝑀 sin𝛥𝛥 − �𝑀𝑀?̈?𝑥𝑆𝑆 − 𝑀𝑀𝑀𝑀?̇?𝛥2 sin 𝛥𝛥 + 𝑀𝑀𝑀𝑀?̈?𝛥 cos 𝛥𝛥�𝑀𝑀 cos 𝛥𝛥 =
𝑡𝑡?̈?𝛥, 
→ 𝐸𝐸1 + 𝑀𝑀𝑔𝑔𝑀𝑀 sin𝛥𝛥 −𝑀𝑀𝑀𝑀 cos 𝛥𝛥 ?̈?𝑥𝑆𝑆 = (𝑡𝑡 + 𝑀𝑀𝑀𝑀2)?̈?𝛥  






cos 𝛥𝛥 ?̈?𝑥𝑆𝑆  
Since all our analyses starts with a quasistatic OLB, then θ is small and we can simplify the 















Diagnostic Plots for the Linear Mixed-Effect Model Fitted to Primary Outcome Capacity of 
the HTS Experiment (DTH) 
 
In the three following plots, you can see the diagnostic plots for the LMM fitted to the 
DTH measurements during the lateral and medial HTS experiments. We could not see a clear 
trend in the diagnostic plots to clearly violate the assumptions of the fitted mixed-effect model. 




Figure 46- Absolute value of the normalized residuals vs. the 
fitted values for the LMM fitted to DTH measurements in 4.3.2. 
 
Figure 47- Experimentally measured DTH vs. the fitted values 
from the LMM in 4.3.2. 
 
Figure 48- QQ-plot for checking the normality of the 






Details of the Linear Mixed-Effect Model Fitted to the Combined Outcome Measures of the 
Lateral HTS Experiment 
 
To statistically compare DTA and DTH during the lateral trials in 4.3.4, we combined 
them into one variable (‘DT’) with a factor indicator variable (‘Strategy’). We also made a new 
variable for the interaction of Age Group and Step Type factors and called it ‘InterGroups’. This 
allowed us to set up the contrasts for the comparison of DTA and DTH across each of the four 
groups. Given the boxplots in Figure 41, we assigned two random intercepts for each Subject: 
one for the DTA measurements and another for the DTH in a positive definite symmetric 
variance covariance matrix format. It also seemed obvious that the residuals of the DTA 
measurements would be different than the DTH measurements. So we allowed for different 
residual variations per group of measurements using the varIdent function in the nlme package in 
R. Finally, the structure of the fixed effects were defined using the formula below: 
𝑎𝑎𝐸𝐸~ − 1 + 𝑡𝑡𝑎𝑎𝑡𝑡𝑇𝑇𝑔𝑔𝐺𝐺𝑔𝑔𝑀𝑀𝐹𝐹𝐻𝐻 + 𝑡𝑡𝑎𝑎𝑡𝑡𝑇𝑇𝑔𝑔𝐺𝐺𝑔𝑔𝑀𝑀𝐹𝐹𝐻𝐻𝑇𝑇: 𝑀𝑀𝑡𝑡𝑔𝑔𝑎𝑎𝑡𝑡𝑇𝑇𝑔𝑔𝑦𝑦 
Using Likelihood Ratio test, we tested the null hypothesis that one random effects to just 
one random intercept per subject was sufficient for characterizing the random effects. The null 
hypothesis was rejected (LR = 10.4, p = 0.005). We then tested the null hypothesis that one 
group residual variation was enough for the model. This null hypothesis was also rejected (LR = 
441, p < 0.001). 
After fitting the LMM to the lateral HTS trials, the estimated standard deviation of the 
residuals in the DTH group was 0.36 rad/s ([0.312, 0.415] 95% confidence interval). This value 
for the DTA group was 0.069 of the DTH group ([0.056, 0.084] 95% confidence interval). So 
our original hypothesis that the variations in the DTH measurements are higher than the DTA 
was confirmed. 
I. Diagnostic Plots 
In the three following plots, you can see the diagnostic plots for the LMM fitted to the 
DT measurements. We could not see a clear trend in the diagnostic plots to clearly violate the 
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assumptions of the fitted mixed-effect model. So believe the model is a good enough model for 
drawing the conclusions in 4.3.4. 
 
Figure 49- Absolute value of the normalized residuals vs. the 
fitted values for the fitted LMM to DT measurements in 4.3.4. 
 
Figure 50- Experimentally measured DT values vs. the fitted 
values for LMM in 4.3.4. 
 
Figure 51- QQ-plot for checking the normality of the 





Telephone Screening Form for Subject Recruitment 
 
The Subject must answer “yes” to the following general screening questions in order to 
be considered a potential subject.  
 
1. Are you either between 21 and 30 or 65 to 80 years of age? (Circle one) 
 
2. Can you stand on One Leg for more than 10 seconds?(Y/N) 
 
3. May I ask your Weight  _____ lbs and Height ____ ft/in and calculate BMI ______ 
kg/m2 (Y/N) 
 
4. Are you able to stand or walk without a cane or walker for more than 30 minutes? (Y/N) 
 
5. Do you exercise at least twice a week? (Y/N) 
 
6. Are you free of any chronic diseases? (Y/N) 
 
7. Can you communicate in simple English? (Y/N) 
 
8. Are you willing to participate in a series of tests in a lab on North Campus that could take 
up to 3 hours if we provide a parking pass for you? (Y/N) 
 
The subject must answer “no” to the following general screening questions in order to be 
considered a potential subject.  
 
1. Do you take any medication other than aspirin or Tylenol? (Y/N) 
 
2. Have you fallen or gotten injured in the last month? (Y/N) 
 
3. Do you have a history of stroke or spinal surgery? (Y/N) 
 
4. Do you have a history of muscle disease? (Y/N) 
 
5. Do you have a history of amputation or foot deformity (Charcot foot)? (Y/N) 
 
6. Have you had knee or hip replacement within the last 12 months? (Y/N) 
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7. Does your vision prevent you from walking safely? (Y/N) 
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